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ABSTRACT 
 

     In cross-anisotropic soil deposits the shear strength depends on the direction of the 
major principal stress relative to the bedding plane direction and it depends on the value of 
the intermediate principal stress. To study of the behavior of cross-anisotropic sand for 
various principal stress inclinations a systematic series of torsion shear tests has been 
performed to determine the drained behavior of sand deposited with cross-anisotropic 
fabric over a range of major principal stress inclinations from vertical (α = 0°) to horizontal 
(α = 90°), and over a full range of intermediate principal stress values as indicated by b = 
(σ2-σ3)/(σ1-σ3). The experimental results help guide and form the basis for the 
development of a failure criterion and a constitutive model for cross-anisotropic soils that 
more realistically models the real behavior of soils in-situ. 
 
 
1.  INTRODUCTION 
 
     Elasto-plastic hardening constitutive models for engineering materials formulated in 
terms of stress invariants alone may work well for isotropic materials, and their derivatives, 
the rotational kinematic hardening models, may also capture the effects of large stress 
reversals and they may be used to model anisotropic behavior as long as no stress 
rotation occurs. A few sporadic studies have indicated that pure stress rotation produces 
considerable variation in strength and large amounts of strain, in the order of those 
observed during primary loading. However, incorporation of soil behavior during large 
principal stress rotation observed in torsion shear tests in a constitutive model has proved 
to be challenging. The torsion shear tests presented here are performed to provide the 
experimental evidence of the effect of major principal stress inclination on the strength of a 
cross-anisotropic sand deposit. 
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2.  EXPERIMENTAL EQUIPMENT 
 
     The torsion shear experiments are performed in a newly designed and constructed 
hollow cylinder apparatus. The hollow cylinder specimen in this apparatus has the same 
dimensions as those employed in a previous design (Lade 1981). The average diameter is 
20 cm, the wall thickness is 2 cm and the height is 40 cm. The 40 cm tall specimens are 
employed to minimize the unavoidable effects of end restraints. Fig. 1 shows a photograph 
of a hollow cylinder specimen with a grid drawn on the outer membrane.  
 

 
Fig. 1 Hollow cylinder specimen with grid 

 
 
     The torsion shear cell, with the specimen inside, sits on a rotary table, which is 
actuated by an electric motor. The rotary motion creates a torque in the specimen, which is 
resisted and measured at the top of the cell. The vertical load and the inside and outside 
pressures are adjusted in response to the developing torque to achieve the desired stress 
paths. Fig. 2 shows a photograph of the torsion shear setup, and Fig. 3 shows the 
stresses in the hollow cylinder specimen. 



     The desired stress path is controlled by a computer program that automatically adjusts 
the inside and outside pressures using two air pressure controllers, and the vertical load is 
managed by a third air pressure controller. Automatic datalogging is employed to record 
the volume change of the inside chamber (which is converted to an inside diameter 
change) and the volume change of the specimen as well as the vertical and the shear 
deformations, measured by LVDTs. All strains in the hollow cylinder specimen can be 
computed from these measurements. In addition to recording the back pressure and the 
inside and outside pressures, the vertical load and the torque applied to the specimen are 
also measured, and these allow computation of the stress-strain and volume change 
behavior during the test. 
 

 
 

Fig. 2 Torsion shear apparatus with control panel in the left background 
 
 



 
 

Fig. 3 Stresses in hollow cylinder specimen 
 
 
3.  EXPERIMENTAL PROGRAM 
 
     Drained torsion shear tests were performed on Nevada sand, a fine silica sand at a 
void ratio of e = 0.53 corresponding to a relative density of 90 %. The specimens were 
prepared by dry pluviation in which the sand is rained in between an inside and an outside 
membrane from a height of 35 cm over the sand surface. This creates a highly anisotropic 
specimen, as exhibited by the experimental results. To establish the failure conditions for 
all combinations of intermediate principal stress, as expressed by b = (σ2-σ3)/(σ1-σ3), and 
σ1-directions from vertical (α = 0°) to horizontal (α = 90°), experiments have been 
performed at each of the 25 intersection points of b = 0.0, 0.25, 0.50, 0.75, and 1.00 and α 
= 0°, 22.5°, 45.0°, 67.5°, and 90.0°. These experiments were performed while maintaining 
the mean normal stress constant at 100 kPa. For each of these experiments the stress-
strain and volume change and strength behavior were determined. 
 
 
4.  EXPERIMENTAL RESULTS 
 
     Fig. 4 shows the results of the experiments performed to study the effects of cross-
anisotropy, intermediate principal stress, and direction of the major principal stress on the 
measured friction angle at the intersection points between the selected b-values and α-
values. The experiments were performed by maintaining the values of b and α constant 
from the beginning at the hydrostatic state of stress until failure occurs. 



 

 
Fig. 4 Experimental failure surface from torsion shear tests performed on cross-anisotropic 

deposits of Fine Nevada sand at a mean normal stress of 100 kPa. A third order 
expression fitted with data points from 25 tests models the failure surface as 
indicated by the straight lines between points. 

 
     All but the experiments at b = 0.0 have resulted in peak failure caused by development 
of shear bands. Figs. 5, 6 and 7 show examples of specimens that failed by shear banding. 
The directions of these shear bands were determined and will be analyzed in future 
publications. The experiments with b = 0.0 exhibits smooth peak failure with shear banding 
developing in the softening regime. 

 



 
 

Fig. 5 Specimen after failure under stress conditions with b = 0.25 and α = 90° 
 
 

 
 

Fig. 6 Specimen after failure under stress conditions with b = 0.50 and α = 90° 



 
 

Fig. 7 Specimen at failure under stress conditions with b = 0.25 and α = 22.5° 
 
 

     Fig. 4 shows that the specimens loaded with σ1 in the vertical direction (α = 0°) resulted 
in the highest friction angles with very little evidence of the cross-anisotropic sand fabric, 
i.e. the variation of the friction angle with b-value follows the pattern that may be obtained 
from true triaxial tests. In the other end of the diagram in Fig. 4, where σ1 is oriented in the 
horizontal direction (α = 90°), the friction angles take values that are 5° to 7° lower than 
those at α = 0° depending on the value of b. The overall lowest friction angle occurs at b = 
0.0 and α = 67.5°, where φ = 30.5°. 
     The friction angles at α = 0° and at α = 90° correspond to those obtained in true triaxial 
tests in which the specimens are loaded with σ1 perpendicular and parallel to the bedding 
planes. The results for these tests correspond to those obtained for Sector I and Sector III 
in the octahedral plane, shown in Fig. 8. These tests were all performed by changing the 
inside and outside pressures as well as the vertical load. Shear stresses were not applied 
to the specimens in these tests. 
     As the σ1-direction is changed from vertical (α = 0°) to horizontal (α = 90°) the friction 
angles decline, but the rate of declination is most pronounced near directions where shear 
bands coincide with the weakest, horizontal direction. Thus, there is a dip in the friction 
angle near an α-value of 45°+φ/2, which is the weakest and most likely shear band 
direction. Friction angles for torsion shear tests performed with α = 67.5° would produce 
shear bands near this weakest plane and the lowest friction angles were obtained for this 
value of α. The experimental points have been connected with straight lines to provide an 
impression of the variation of the friction angle with the combination of b- and α-values 
employed in the experimental program. 



 
 

Fig. 8 Octahedral plane with Sectors I and III corresponding to torsion shear tests with α = 
0° and 90°, respectively 

 
 
5.  MODELING OF FAILURE IN CROSS-ANISOTROPIC SOILS 
 
     The failure criterion developed for isotropic soils by Lade (1977) is expressed in terms 
of the first and the third stress invariants of the stress tensor as follows 
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in which the stress invariants in terms of principal stresses are given as 
 
        3211 sss ++=I           (2) 
            3213 sss=I            (3) 
 
The parameters h1 and m are constant dimensionless numbers. 

In principal stress space, the failure surface is shaped like an asymmetric bullet with the 
pointed apex at the origin of the stress axes. The apex angle for this failure criterion 
increases with the value of h1. The failure surface is always concave towards the 
hydrostatic axis, and its curvature increases with the value of m. For increasing h1-values 
and constant value of m, the cross-sectional shape in the octahedral plane changes from 
circular to triangular with smoothly rounded edges in a fashion that conforms to 
experimental evidence. 



     The effects of cross-anisotropic soil structure on the failure of soils loaded under fixed 
principal stress directions aligned with the principal directions of the cross-anisotropy as 
well as the effect of principal stress rotation relative to the principal directions of the cross-
anisotropic soil, are captured in a failure criterion proposed by Lade (2007, 2008). This 
criterion is based on the expression in Eq. (1) with further developments as indicated by 
Pietruszcak and Mroz (2000, 2001) employing the so-called loading direction relative to 
the material microstructure directions, as specified and defined by a unit vector ),,( 321 lll . 
For cross-anisotropic materials, Pietruszcak and Mroz (2000, 2001) showed that the 
expression for the failure criterion becomes 
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where h0 and W1 are constant material parameters. The average value of h is equal to h0 = 
the radius of a sphere, as shown projected on the octahedral plane in Fig. 9, and the factor 

)]31(1[ 2
21 l-W+ , which is controlled by the scalar material parameter W1 and the loading 

direction 2l , describes the deviation in two dimensions from the sphere (circle in 
octahedral plane). Thus, the right hand of Eq. (4) describes a shape that is symmetric with 
regard to the vertical 2-direction, as indicated in Fig. 9. 

Combining the expression in Eq. (4) with the expression for the isotropic three-
dimensional failure criterion for soils given in Eq. (1) produces the following failure criterion 
for cross-anisotropic soils: 
 



 
 

Fig. 9  Variation of factor h = )]31(1[ 2
210 l-W+h  indicated by the symmetric shape (around 

the 2-direction) on the octahedral plane for dense Santa Monica Beach sand tested 
in true triaxial tests 
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For cross-anisotropic materials tested in common laboratory experiments in which up to 

3 different, orthogonal normal stresses and one shear stress can be applied, the 
expression for 2l becomes 
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in which (sx, sy, sz) are principal stresses as indicated in Fig. 10. 
 



 
 

Fig. 10 Principal stress conditions possible in true triaxial and torsion shear test 
 

The material parameters may be determined from triaxial compression tests on vertical 
and horizontal specimens, and comparisons of data from true triaxial tests with the failure 
criterion in Eq. (5) were shown by Lade (2007, 2008). 
 
 
6.  EFFECTS OF STRESS INCLINATION 
 
     To study of the behavior of cross-anisotropic sand during shearing with inclined major 
principal stress direction, a systematic series of torsion shear tests were performed to 
determine the drained behavior of sand deposited with cross-anisotropic fabric over a 
range of σ1-directions relative to vertical from α = 0° to α = 90°, and over a full range of 
intermediate principal stress values as indicated by b from 0.0 to 1.0. Fig. 4 shows the 
results of these torsion shear tests. The experiments show a smooth transition in strength 
as the major principal stress inclination is changed from vertical to horizontal, but with a 
trough near the orientation where shear bands are parallel to the bedding planes.  
     The failure criterion in Eq. (5) was augmented to capture this strength variation by a 
third order expression developed by Pietruszczak and Peijun (2011) by expanding the 
right hand side of the expression 
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in which the parameters η0, Ω1, a1, and a2 are determined by the method of least squares 
fit based on polynomial regression. The curvature parameter m in Eqs. 1 and 5 is 
determined from triaxial experiments with different confining pressures. 
 
 
7.  CONCLUSIONS 
 
     Research has been performed to contribute to establishment of more realistic modeling 
of soil behavior. Real soils, as they occur in-situ, clearly exhibit cross-anisotropic behavior 
with a vertical axis of rotational symmetry. This real behavior is most often assumed to be 



isotropic, and a number of observed behavior patterns are therefore not predicted correctly. 
Torsion shear experiments have been performed on hollow cylinder specimens to 
determine the variation of the friction angle of dense, fine Nevada sand deposited with 
cross-anisotropic fabric. Systematic variations of the intermediate principal stress and 
directions of the major principal stress have been employed in these experiments. The 
cross-anisotropic response results in lower strengths in sector III than in sector I, and the 
failure surface will appear to have been rotated around the stress origin in the principal 
stress space. These effects are all captured in a failure criterion for cross-anisotropic soils 
proposed by Lade (2007, 2008). The failure criterion has been further augmentation of to 
capture the results of torsions shear tests on cross-anisotropic soil in which the major 
principal stress is inclined at any angle between vertical and horizontal. 
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