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ABSTRACT 

The unique nature of geo-materials that their properties vary from one location to 
another, even within a few distances, makes it distinct from other engineering 
materials. This variation of soil properties is termed spatial variability and cone 
penetration test is one of most useful in-situ site investigation techniques which can 
be used to determine soil spatial variability. 

While using cone penetration test to investigate the soil properties, statistical 
analyses of cone tip resistance data become necessary and it is important to know 
the maximum likelihood estimation of the qc measurements representing a random 
field. In this regard it is required to assume a distribution for qc data measurements. 
Different types of distribution functions for qc data are found in literature. Some 
researchers use log-normal distribution while some others prefer to raise qc data to 
some power between 0 and 1 and some others use normal distribution traditionally. 
Each of these procedures has their own benefits and drawbacks. 

In this study, results of cone penetration tests from 102 cases in different sites are 
collected and most representative probability distribution function for original and 
residual cone tip resistance data are sought. Considering different probability 
distribution function, the relevant probability distribution function (PDF) for both 
original and residual cone tip resistance data are evaluated and appropriate 
distribution is suggested. 

Key words: Spatial variability, Cone tip resistance, Statistical analysis.  

1. INTRODUCTION 

Uncertainty is a central aspect of geotechnical engineering. The sources of 
uncertainty for the estimation of soil properties include inherent soil variability, 
measurement error, and uncertainty in models to infer soil properties from in situ 
measurements (DeGroot & Baecher, 1993, Phoon & Kulhawy, 1999a). Furthermore, 
when the response or the failure mode of a geotechnical structure is of interest, 
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additional uncertainties exist due to the mechanics of the problem and to the 
calculation models employed (Rackwitz, 2000).  

Uncertainties due to inherent soil variability and to measurement error have been 
traditionally addressed using the theory of random fields (Vanmarcke, 1983). The 
estimation of ranges of variability of random fields of soil properties at different 
scales has received wide attention (Phoon & Kulhawy, 1999a, Cho, et al., 2004), and 
several correlation models for characterization of spatial variability of soil properties 
have been proposed as well (Fenton , 1999a, Rackwitz, 2000, Elkateb, et al., 2003).   

In general, inference occurs whenever one estimates properties at any 
unobserved spatial location. Here, the word inference will be taken to mean the 
estimation of stochastic model parameters which allow one to make probabilistic 
statements about an entire site for which data is limited or not available. This may be 
necessary, for example, in preliminary designs, in designs involving a future state, or 
in designs where a large site is to be characterized on the basis of a small test 
region (Fenton, 1999a).  

Current study focuses on the evaluation of the probability distribution nature of 
residual CPT profiles in order to identify the best representative Probability Density 
Function (PDF) for CPT data. Cone penetration profiles acquired from different 
sources worldwide are adopted to fit different PDFs to the residual CPT profiles and 
seek for the most representative distribution.  

2. PROBABILITY DENSITY FUNCTION 

In order to carry out maximum likelihood estimation of the random field of CPT 
measurements, a distribution for cone resistance must be assumed. Since �� is 
bounded below by zero and has no arbitrarily set upper limit, �� may be assumed to 
be lognormal distributed. There is some sup porting evidence for the lognormal 
distribution for a number of strictly positive soil properties (strength, elastic modulus, 
permeability, for example see, Lumb, 1966, Hoeksema and Kitanidis, 1985, and 
Sudicky, 1986), so this is often a reasonable assumption. Perhaps more importantly 
and also a significant motivation for its use by many researchers, is that it leads to a 
simple model since the distribution of ���� is then normal. The jointly normal 
distribution is fully specified by only its first two moments (mean and covariance). In 
that this is generally all that can be estimated with any degree of confidence in 
geotechnical applications, the normal distribution is then at least appropriate as a 
'minimal assumption' model.  

The lognormal distribution has been widely employed to model variations of the 
Young’s modulus of soils, see, e.g. (Paice et al., 1996, Nour et al., 2002, Fenton et 
al., 2002, Fenton et al., 2005). Arguments in favor of the lognormal distribution are 
that it has zero probability of generating negative values of Young’s modulus and 
that it is mathematically convenient. 

Other transformations are also available. In particular, rising �� to some power 
between 0 and 1 is quite common. The disadvantage to these transformations is that 
they do not nicely lead to a non - negative distribution on ��. In fact, if � � ���  is 
normally distributed, then � ranges over the entire real line and for negative values of �, the inverse �� � ��	  is only defined for certain 
 and, of these, some are imaginary. 
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However, if the probability of � being negative under the normal assumption is 
negligible (having small coefficient of variation), these transformations can give 
reasonable results (Fenton, 1999b). 

Fenton (1999b) conducted research to investigate the appropriate power on CPT 
data collected by Norwegian Geotechnical Institute (NGI) at the site of a new airport 
just north of Oslo, Norway. He concluded that a function with the power of 0.74 
provides the best fit for the investigated data. 

Fenton (2002) also studied the settlement under a footing founded on a spatially 
random elastic modulus field of finite depth overlying bedrock by assuming that E is 
distributed lognormal. He concluded that the estimation of probabilities associated 
with settlement involves little more than referring to a standard normal distribution 
table. He also emphasized that the differential settlement is a more complicated 
distribution than that of settlement itself. 

However, the use of the lognormal distribution to model the random field of 
Young’s modulus in finite element computations of foundation settlement has been 
generally accepted (but not always) without further investigating whether it is the 
most adequate type of distribution to model the variability of soil’s properties in each 
particular case, or what would be the effects of employing a different type of 
distribution. Zhou et al. (1999) studied the effects of uncertainties on the design of 
prefabricated vertical drains, and they found that the type of statistical distribution 
employed to model the coefficient of radial consolidation (they considered the 
lognormal, gamma, and Weibull distributions) has a ‘‘considerable influence” on the 
consolidation results. Similarly, Popescu et al. (2005) illustrated the importance of 
this aspect of uncertainty characterization in bearing capacity analyses, and they 
showed that the coefficient of variation and the marginal probability distribution of the 
soils shear strength ‘‘are the two most important parameters in reducing the bearing 
capacity (in an average sense) and producing substantial differential settlements in 
heterogeneous soils”.   

Jimenez and Sitar (2009) investigated the effects of using different types of 
statistical distribution including lognormal, gamma and beta to characterize the 
variability of Young’s modulus of soils in random finite element analyses of shallow 
foundation settlement. Their results showed that a random field of Young’s modulus 
with gamma distribution can produce settlements that are (in an average sense) up 
to more than 600% higher than settlements computed with a random field of Young’s 
modulus with lognormal distribution. Similarly, settlements computed with the beta 
distribution can be (in an average sense) more than 200% higher than settlements 
computed with the lognormal distribution.  

Jamshidi et al. (2012) statistically analyzed 8 sets of CPT profiles sourced from 
Urmia Lake located in west Iran, and evaluated different probability density function 
containing normal, lognormal and power. They proposed power distribution with the 
exponent averaging at 0.75 as a best distribution function.  

However, the current research covers a more comprehensive database by taking 
advantage of 102 of CPT profiles in order to entrant the most representative 
probability distribution for CPT profiles.  
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3. DATABASE 

A database of case histories from the results of 102 CPT soundings is utilized 
herewith. The cases were obtained from 36 sources reporting data from 40 sites in 
13 countries. Table 1 summarizes the main case record data as to cases name, site 
location, sampling interval, total depth and soil profiles. 

The majority of the case records are from the United States. The soils at the sites 
consist of sediments of clay (soft clay, stiff clay, silty clay, sandy clay), silt (clayey 
silt, sandy silt) and sand (clayey sand, silty sand, gravelly sand). About 80% of the 
CPT cases included in the data are obtained by electrical cone and 20% by 
mechanical cone. Most of the CPT measurements are at a vertical spacing of 300 
mm or smaller. A typical CPTu profile taken from one of the records is shown in 
Figure 1 (Eslami and Fellenius, 1997).  
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4. DETERMINISTIC VARIATION  

It should be pointed out at this time that one of the reasons for detrending the data 
is precisely to render the residual process largely spatially independent. This is 
desirable because virtually all classical statistics are based on the idea that samples 
are composed of independent and identically distributed observations. Alternatively, 
when observations are dependent, the distributions of the estimators become very 
difficult to establish. This is compounded by the fact that the actual dependence 
structure is unknown. Only a limited number of asymptotic results are available to 
provide insight into the spatially dependent problem (Beran, 1994). Simulation 
techniques are proving very useful in this regard (Cressie, 1993). 
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Soil properties are highly depth dependent and hence CPT parameters such as 
cone bearing, sleeve friction and pore pressure exhibit significant trends with depth. 
If the trends are not significant, data can be stationarized by standardizing. In the 
presence of significant trends, these will have to be removed, prior to evaluating the 
distribution type. A pre-requisite to this of course is the identification of statistically 
distinct layers (Wickremesinghe and Campanella, 1993).  

As most trends in in-situ measurements derive from overburden vertical stress, 
investigating the spatial variability of normalized measurements may increase the 
generality of the analysis, as the influence of site-specific effects such as stress 
history is possibly reduced (Uzielli, 2004). 

Bearing and friction exhibit linear trends while it is usual for the pore pressure 
profile to possess a curvilinear trend. If a linear trend is used to stationeries a pore 
pressure profile, the resulting residuals will not be stationary, due to the curvilinear 
effect of the trend not being removed. This will give rise to an incorrect assessment 
of statistical parameters. The decision as to what type of trend removal is necessary 
could be taken by inspecting the residuals. If a linear trend removal results in a 
stationary set of residual, curvilinear trend analysis is unnecessary. The curvilinear 
trend would always be more suitable (Wickremesinghe and Campanella, 1993). 

Figure 1. Typical piezocone profile (Eslami & Fellenius, 1997)
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5. DISTRIBUTION STRUCTURE 

In probability and statistics, a random variable or stochastic variable is a variable 
whose value is subject to variations due to chance. As opposed to other 
mathematical variables, a random variable conceptually does not have a single fixed 
value rather it can take on a set of possible different values, each with an associated 
probability. 

Random variables can be classified as either discrete or as continuous. The 
mathematical function describing the possible values of a random variable and their 
associated probabilities is known as a probability distribution. The realizations of a 
random variable, i.e. the results of randomly choosing values according to the 
variable's probability distribution are called random varieties. 

A probability density function (PDF), or density of a continuous random variable, is 
a function that describes the relative likelihood for this random variable to take on a 
given value. The probability for the random variable to fall within a particular region is 
given by the integral of this variable’s density over the region. The probability density 
function is nonnegative everywhere, and its integral over the entire space is equal to 
one. 

Many probability distributions are so important in theory or applications that they 
have been given specific names and some of them are: normal distribution, 
lognormal distribution, power distribution, gamma distribution, beta distribution, chi 
distribution, Chi-squared distribution, etc. 

In order to find a distribution which fits best to the random variables, there are 
several tests, which have been utilized to seek for the most representative probability 
distribution scheme for original and residual CPT profiles. Table 2 provides different 
categories of CPT profiles and the rested distribution schemes utilized for each 
category.  

Type of Distribution Original Profile Residual Profile 

Normal Distribution � �

Lognormal Distribution � × 

Power Distribution � �

The goodness-of-fit of a statistical model describes how well it fits a set of 
observations. Measures of goodness-of-fit typically summarize the discrepancy 
between observed values and the values expected under the model in question.  

Table 2. Different distribution schemes fitted to original and residual profiles

5.1 Goodness-of-fit test
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In assessing whether a given distribution is suited to a data-set, the 
following tests and their underlying measures of fit can be used:  

• Kolmogorov-Smirnov test 
• Cramer-Von Mises criterion 
• Anderson-Darling test 
• Chi-Square test 

In this research Chi-square distribution is used for testing the goodness-of-fit of a 
set of CPT data to a specific probability distribution. In this method, the actual 
frequencies in a class are compared to the frequencies that theoretically would be 
expected to occur if the data followed the specific probability distribution of interest.  

Several steps are required to carry out a Chi-square goodness-of-fit test. First, 
determine the specific probability distribution to be fitted to the CPT data. Second, 
hypothesize or estimate the values of each parameter of the selected probability 
distribution (such as the mean). Next, determine the theoretical probability in each 
class using the selected probability distribution. Finally, use the Chi-square test 
statistic, Equation (1), to test whether the selected distribution is a good fit to the 
data.  

����� ����� � ������� (1) 

Where:  

�� � observed frequency �� � theoretical or expected frequency � � number of categories or classes remaining after combining classes � � number of parameters estimated from the data  

In mathematics, the root mean square, known as the quadratic mean, is a 
statistical measure of the magnitude of a varying quantity. It is especially useful 
when varieties are positive and negative, e.g., sinusoids. RMS is used in various 
fields, including civil engineering. 

It can be calculated for a series of discrete values or for a continuously varying 
function. The name comes from the fact that it is the square root of the mean of the 
squares of the values. It is a special case of the generalized mean with the exponent 
p = 2.  If p is a non-zero real number, we can define the generalized mean with 
exponent p (or power mean with exponent p) of the positive real numbers ��� ���� � �� as:  

������ ��� � � ��� � �� ��!�
�
!"�

�� �#
(2) 

5.2 RMS procedure
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The RMS value of a set of values (or a continuous-time waveform) is the square 
root of the arithmetic mean (average) of the squares of the original values (or the 
square of the function that defines the continuous waveform). 

In the case of a set of n values$%�� %�� � � %&' , the RMS value is given by:  

�()* � +� ���� , ���,-,���� (3) 

5.3 Correlation scheme 

A correlation coefficient measures the strength and direction of a linear 
association between two variables. It ranges from -1 to +1. The closer the absolute 
value is to 1, the stronger the relationship. A correlation of zero indicates that there is 
no linear relationship between the variables. The coefficient can be either negative or 
positive.  

Pearson product-moment correlation coefficient, also known as r, R, or Pearson's 
r, is a measure of the strength and direction of the linear relationship between two 
variables that is defined in terms of the (sample) covariance of the variables divided 
by their (sample) standard deviations.  

In statistics, the Pearson product-moment correlation coefficient (sometimes 
referred to as the PPMCC or PCC, or Pearson's r, and is typically denoted by r) is a 
measure of the correlation (linear dependence) between two variables X and Y, 
giving a value between +1 and −1 inclusive. It is widely used in the sciences as a 
measure of the strength of linear dependence between two variables. It was 
developed by Karl Pearson from a similar but slightly different idea introduced by 
Francis Galton in the 1880s. 

Pearson's correlation coefficient between two variables is defined as the 
covariance of the two variables divided by the product of their standard deviations. 

Pearson's correlation coefficient when applied to a population is commonly 
represented by the Greek letter ρ (rho) and may be referred to as the population 
correlation coefficient or the population Pearson correlation coefficient. The formula 
for ρ is:  

./�0 = 
123�/�0�45 46  = 

78�/95��096�:45 46 (4) 

6. RESULTS AND DISCUSSION 

Table 3 illustrate, the range of P-values acquired from Chi-square test conducted 
with different PDF assumptions. Minimum, maximum, average value and the 
coefficient of variation (COV) of P-values for different assumptions are provided in 
the table. It is observed that for both original and residual qc profiles power 
distribution fits best to the data, in comparison to other assumed distributions. 
However it is noteworthy that the acquired P-values are around 0.9 in average 
sense. This means that normal distribution is still valid for both original and residual 
CPT profiles. 
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Parameter 

Goodness-of-fit Test on 

Original qC Residual qC

Power 
P-Value 

Power 
P-Value 

Power Dist. Normal Dist. Lognormal Dist.   Power Dist. Normal Dist. 

Min 0.01 4.8E-10 3.5E-12 5.7E-14 0.23 4.8E-10 9.1E-13 

Max 0.99 2.3E-02 2.1E-02 6.5E-08 0.99 1.6E-01 5.7E-03 

Average 0.9 1.2E-03 1.4E-03 9.8E-10 0.88 4.0E-03 2.70E-04 

COV % 24.53 300.76 258.62 741.49   23.69 544.57 291.5 

Cross confirmed the findings of goodness-of-fit test by conducting RMS technique so 
as to find the most representative probability distribution function for different kinds of 
CPT profiles. Table 4 provides the statistical parameters for RMS values obtained for 
different distribution schemes. It is observed that power distribution assumption 
renders lower RMS values confirming that power distribution with the power values 
averaging at 0.86 and 0.91 for original and residual CPT profiles, respectively is 
expected to be the best representation distribution for CPT profiles. 

Parameter 

RMS Technique on 

Original qC Residual qC

Power 
RMS Coefficient 

Power 
RMS Coefficient 

Power Dist. Normal Dist. Lognormal Dist.   Power Dist. Normal Dist. 

Min 0.43 0.003 0.002 0.034 0.65 0.003 0.003 

Max 0.99 0.575 0.569 1.718 0.99 1.348 1.317 

Average 0.86 0.048 0.060 0.128 0.91 0.067 0.078 

COV % 19.03 187.36 157.9 142.18   11.98 289.89 268.17 

Figure 2 illustrates the cumulative distribution function (CDF) for the acquired 
power values for 102 cases. Superimposed on the same graph is the CDF for fitted 
normal distribution. At least visually it is confirmed that the power values mainly 
focus around mean values. This can easily be confirmed by noting to the COV of 
power values provided in table 4. 

Table 3. Summary of goodness-of-fit test on CPT data

Table 4. Summary of RMS technique on CPT data
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a) b) 

Correlation coefficient was explained to be an index of probability distribution 
function regression. Table 5 provides information on correlation coefficient values 
calculated for different PDF assumptions on original and residual CPT profiles. It is 
concluded that power distribution is again confirmed to be the most suitable 
distribution function for different CPT profiles. Power values are 0.81 and 0.9 for 
original and residual CPT profiles respectively in average sense.  

Parameter 

Correlation Coefficient Technique on 

Original qC Residual qC

Power 
Correlation Coefficient 

Power 
Correlation Coefficient 

Power Dist. Normal Dist. Lognormal Dist.   Power Dist. Normal Dist. 

Min 0.25 0.376 0.154 -0.487 0.58 0.451 0.451 

Max 0.99 0.993 0.993 0.866 0.99 0.996 0.997 

Average 0.81 0.894 0.789 0.304 0.9 0.912 0.879 

COV % 25.95 14.3 23.95 96.56   12.08 9.49 12.91 

A sample PDF fitting is illustrated in figure 3 for case number 46 recorded in USA. 
All three introduced techniques namely Chi-square test, RMS and correlation tests 
are adopted herewith with original and residual CPT profiles evaluated separately in 
left and right hand side respectively. It is visually seen that both power and normal 
distribution are reasonable for both original and residual qc profiles. 

In fact, this is of the cases, out of all 102 cases given in table 1; a Chi-square 
goodness-of-fit test yields a P-values of 3.1×10-4, 2.3×10-3 and 1.6×10-11, for power, 
normal and lognormal PDF assumption respecting large P-values, up to 1.0, 
supports the assumed hypothesis, so that this small value suggests that the data 
does not follow either of the tested as distributions.  

Figure 2. Probability distribution of power values acquired from RMS technique; a) Original qc; b) Residual qc

Table 5. Summary of correlation coefficient technique on CPT data
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They perhaps correctly indicate the true distribution is not exactly as 
hypothesized, but say little about the reasonableness of the assumed distribution. 

As can be seen from figure 3, the power and also normal distribution certainly 
appear reasonable. 

a) b) 

c) d) 

e) f) 

Figure 3. Comparing different PDFs fitted to case # 46; a) GOF on Original qc; b) GOF on Residual qc; c) 
RMS on Original qc; d) RMS on Residual qc; e) CC on Original qc ;f) CC on Residual qc
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7. CONCLUSION 

Soil inherent heterogeneity reflected in the form of deterministic and stochastic 
variation of in-situ soil properties is believed to play an important role in geotechnical 
behavior assisting in justification of abnormalities and unexpected behavior in some 
cases.  

CPT data are thought to be one of the most suitable and representative profile of 
geotechnical parameters variation. This paper tried to study the stochastic properties 
of original and detrended (residual) CPT profiles by focusing on probability 
distribution function in specific. 

The main points and conclusions of this article are as below:  

1) Power distribution represents the probability distribution of most CPT 
profiles fairly accurate. 

2) The estimated power value for both original and residual CPT profiles was 
found to be around 0.9. This indeed means that normal distribution which 
is traditionally used for engineering parameters is still valid for 
geotechnical parameter due to the closeness of power values to unity. 
However it should be noted that truncated normal distribution should be 
used in order to avoid realization of negative values.  

3) Goodness-of-fit, RMS and correlation techniques were shown to be 
efficient in probability distribution detection for CPT data.  
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