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ABSTRACT
The impedance function of a transducer is an important characteristic because it
determines the bandwidth and operating point of a transducer. Traditionally, there are
two methods for estimating the impedance function: (i) Stepped harmonic analysis (i.e.
single frequency) method, and (ii) Fourier-based analysis method using transient
signals. Both methods have drawbacks. The stepped harmonic analysis method is very
time consuming, and the Fourier-based analysis method suffers from problems related
to frequency leakage and resolution. This paper proposes a new estimation approach
which can overcome these drawbacks. The proposed method decomposes both input
and output signals into complex exponential components. The complex amplitudes and
exponentials of a signal in the time domain are really the poles and residues in the
Laplace domain associated with the signal. In turn, both input and output signals in the
Laplace domain can be readily established in a partial fraction form. To test the
effectiveness of the proposed method, a finite element model for a simple piezoelectric
transducer is built, and the impedance function estimated from the proposed method is
compared with those obtained from traditional methods. It is found that the proposed
method obtains the impedance function accurately and efficiently.
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1. INTRODUCTION
Piezoelectric transducers are found in a wide range of different applications. This
paper introduces a new approach to estimate the impedance function (of frequency) of
a piezoelectric transducer. The electric impedance is generally defined as the total
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opposition a device or circuit offers to the flow of an alternating current at a given
frequency. The impedance function is an important characteristic of a transducer
because it determines the bandwidth and operating point of a transducer. Traditionally,
there are two methods for estimating the impedance function (i) Stepped harmonic
analysis (i.e. single frequency) method, and (ii) Fourier-based analysis method using
transient signals. The stepped harmonic analysis is to repeatedly apply a harmonic
input signal to get the corresponding steady state response, then compute the
impedance of the given frequency. Fourier method computes impedance function from
the complex ratio of the FFT of the input and output time domain signals. Both methods
have drawbacks. For the stepped harmonic analysis method, it is very time consuming;
and for the Fourier-based analysis method, it always suffers from the problems related
to the periodic assumption of both input and output signals, such as frequency leakage
and resolution. This paper proposes a new estimation approach which intends to
overcome the drawbacks of the traditional methods.
Transient signals are always finite in duration, aperiodic, and even damped. To deal
with an aperiodic damped signal, Prony-based techniques— which decompose a signal
into realvalued and/or complex-valued exponential components — are often utilized.
Prony’s method is for fitting a model by using equally spaced data points, and
conventionally it has been referred to as a 3-step method. The three steps of Prony’s
method are: (1) determining the linear prediction parameters of a difference equation
that fits the sampled data; (2) computing the roots, from which the estimates of
damping factor and frequency of each exponential term are obtained, of a characteristic
polynomial formed from the linear prediction coefficients; and (3) solving for a set of
linear equations to yield the estimates of the exponential amplitude and sinusoidal
initial phase of each component. A recent paper (Hu 2013) proposed an alternative
approach which numerically is better conditioned and more stable. This alternative
approach begins with a first-order matrix difference equation — a state-space model—
to replace the high order difference equation used in Prony’s method. It also involves
three steps. While its third step is identical to that of Prony’s method, the first two steps
of the alternative approach are: (1) obtaining a realization for the state matrix of firstorder matrix difference equation from a Hankel matrix composed by the sampled data;
and (2) computing the eigenvalues of the realization matrix and then obtaining the
estimates of the frequency and damping factor of each exponential term. One obvious
advantage of the alternative approach is completely avoiding the ill-conditioned
problem of solving the zeros of a high order polynomial.
The proposed method to estimate the impedance function of a piezoelectric
transducer is a Laplace domain method. The key of the proposed method is to
decompose both input and output signals into complex exponential components by the
alternative approach mentioned above. The complex amplitudes and exponentials of a
signal in the time domain are really the poles and residues in the Laplace domain
associated with the signal. In turn, both input and output signals in the Laplace domain
can be readily established in a partial fraction form. The impedance function of the
transducer is first obtained from the input and output as a function of Laplace variable,
s, then as a function of frequency, ω, after substitute s by jω.

To test the effectiveness of the proposed method, a numerical study will be
performed using a finite element (FE) model for a radially-polarized tube transducer
employing the commercial package ANSYS (Lewis 2009).
2. PRELIMINARIES
2.1 Piezoelectric material
Polarized electrostrictive materials are now used more than any other material for
transducers with lead zirconium titanate (PZT) being the most common. PZT is a
ferroelectric material that shows a marked piezoelectric effect after the application of an
external electrical field. This piezoelectric effect can be described by a set of linear
equations (in the so-called d-form):

S = sET + dt E
D = d T + ε T E，

(1)
(2)

where T  R 61 is a stress vector, S  R 61 strain vector, E  R 13 electric field vector,
D  R13 electric displacement vector, S E  R 66 elastic compliance coefficients matrix,
d  R 36 piezoelectric coefficients matrix (dt the transpose of d) and ε T  R 33 permittivity
coefficients matrix. The superscript of sE indicates that the elastic compliance coefficients matrix is obtained with E being held constant, and the superscript of ε T indicates
that the permittivity coefficients matrix is obtained with T being held constant. In general,
the coefficient matrices in Eq. (1) and (2) would include 45 independent coefficients.
However, for PZT material which belongs to the 4 mm (C4v) crystal class (Craig and
Kurdila 1981), many of the coefficients are zero or related, leaving only 10 independent
coefficients, and the corresponding Eqs. (1) and (2) are explicitly expressed as:
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2.2 Analytical solution for impedance function of piezoelectric cylinder
The analytical solution for the electromechanical vibrations of piezoelectric bodies
can be solved in a manner similar to the corresponding mechanical problems, but with
the complications of additional variables and boundary conditions. Mechanical
boundary conditions can be used in choosing either stress T or strain S as an
independent variable. Electrical boundary conditions can be imposed by geometry
and/or by location of electrode (equipotential) surfaces, leading either to constant
electric displacement D or constant field E conditions.
For the piezoelectric tube (see Fig. 1), the inner diameter is denoted by Di, outer
diameter Do, and length L. The tangential direction is chosen as the 1-direction, axial
direction as 2-direction and the radial direction as 3-direction. The poling direction is
from inside to outside in the 3-direction (radial direction). Since the mechanical
boundary conditions in axial and radial direction are free (i.e., T2 = T3 = 0), the voltage
is applied in the radial direction (i.e.,E1 = E2 = 0), and the polar axis (and electric field)
is perpendicular to the stressed direction (1-direction), this kind of vibrator is belonged
to the category of 31-mode vibrators. Clearly, Eqs. (3) and (4) for a 31-mode vibrator
can be reduced to:
E
S1 = s11
T1 + d 31E 3

(5)

T
D3 = d 31 T1 +  33
E3

(6)

Fig. 1 Sketch of the piezoelectric tube and its coordinates
In the analytical derivation for the impedance function of the specific thin-walled
“ring" (or tube) 31-mode vibrator, it is usually assumed that the vibration mode is a
“breathing mode" with constant deformation along the whole length of the ring. The
analytical admittance function, which is the reciprocal of the impedance function,
denoted by Z(ω), is expressed as (Berlincourt 1964):
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where I(ω) and V(ω) = the current and voltage functions of frequency, a and t = the
T k
average radius and wall thickness of the tube, respectively,  02  1 /( a 2 s11
) the free
resonance frequency of the unloaded tube in which ρ is the mass density, and
2
2
T
k 31
 (d 31
/ s11E  33
) a coupling coefficient. Clearly, the coupling coefficient k31 depends
only on properties of the piezoelectric material. While k31 characterizes active materials,
it does not necessarily characterize complete transducers. Furthermore, the resonance
frequency  r and the anti-resonance a have also been derived to be:
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3. ESTIMATION OF IMPEDANCE FUNCTION
3.1 Estimating impedance function by traditional methods
The admittance or impedance function of a electrical circuit is a particular complex
frequency response function (FRF). The traditional ways to estimate any frequency
response function are either using a stepped harmonic analysis (i.e., single frequency)
method, or a Fourier-based analysis method using transient input and output signals.
The stepped harmonic analysis is to repeatedly apply a harmonic input signal to get the
corresponding steady state response, then compute the FRF at the applied frequency.
Fourier method computes the FRF from the complex ratio of the FFT of the input and
output time domain signals. Both methods have drawbacks. For the stepped harmonic
analysis method, it is very time consuming; and for the Fourier-based analysis method,
it always suffers from the problems related to the periodic assumption of both input and
output signals, such as frequency leakage and resolution.
3.2 Estimating Impedance function via Laplace Domain
The present article proposes a new method to estimate the impedance function from
the transient input and output signals. The first step the proposed method is to
decompose both input and output signals into complex exponential components.
Because the input voltage signal v(t k ) can be controlled, one can choose to use an
exponentially decayed voltage signal:

v(tk )  a exp( tk )

(10)
where  ,  = constants, t k  kt ,  t = sampling time interval, and k = an integer for the
time index of the discrete signal v(t k ) . For the sake of a clear presentation, let the
output signal (from FE model) be a transient charge signal, c(t k ) . Applying the signal
decomposition technique developed in Reference (Hu 2013), one can be decomposed
c(t k ) into a Prony series:

P

c(t k )    n exp( n t k )

(11)

n 1

where p is the number of the decomposition terms, and the complex exponentials
 n and complex amplitudes  n are computed coefficients. In Eq.(11), because c(t k ) is a
real signal,  n must either be real numbers or occur in complex conjugate pairs. Let
n  an  jn , then a n is the damping factor in seconds and n is the frequency in
radians. The coefficients  n corresponding to complex exponents  n must also appear
in complex conjugate pairs. Let  n  An e i n , then An is the amplitude and  n is the
sinusoidal initial phase in radians associated with e nt .
Let the Laplace transform of a time function f (t ) be denoted as:


F ( s )  L (f(t))   f (t )e  st dt
0

(12)

since L (exp( t ))  1 /( s   ) , the Laplace transform of the input voltage v(t )  a exp( t )
is shown to be

F ( s )  L (v(t)) 

a
s

(13)

Similarly, the Laplace transform of the output current c(t ) is:
p

C ( s)  L (c(t))  
n 1

n
s  n

(14)

The complex amplitudes  n and exponentials  n of a signal in the time domain are
really the residues and poles in the Laplace domain associated with the signal c(t ) .
To calculate the impedance function, one needs to get the current signal, i(t ) , from
the derivative of the charge with respect time, that is i(t )  dc(t ) / dt . By using the
Laplace property L (df (t ) / dt )  sF ( s)  f (0) , the Laplace transform of the current
i(t ) becomes
p

I ( s)  sC(s)  
n 1

s n
s  n

(15)

if the initial charge c (0) is equal to 0.
The impedance function in the s domain can be readily obtained from Eqs. (13) and
(15):

Z (s) 

V (s)
I (s)

(16)

Finally, substituting s by j in the above equation, one obtains the impedance function
of  .

4. FINITE ELEMENT MODEL
4.1 FE modeling of piezoelectric transducer
To test the effectiveness of the proposed method, a finite element (FE) model for the
test transducer was built by using the commercial finite element package ANSYS
(Lewis 2009). This test transducer model is a simple cylinder with inner diameter
Di  12.5  10 3 , outer diameter Do  15.7  10 3 m and length L  25.4  10 3 m. Since the
model is axially symmetric, one can conveniently build the model by revolving its radial
cross section (a rectangle in the x - y plane) around the z -axis (see Fig.2). The
mechanical boundary conditions are set to be free at both ends. The element type
utilized is a two-dimensional coupled-field plane element (Plane13 element of ANSYS),
which has four nodes and sixteen degrees of freedom in total (ANSYS Commands
Reference 2004). The material of the model is PZT5A, and its piezoelectric properties
are listed in Table 1(Sherman and Butler 2007). The cylinder has been polarized by
using electrodes on the internal and external surfaces to establish the polar axis (by
convention it is called the x3 axis, but it is not the z -axis in this paper) in the radial
direction. An alternating voltage, V, is applied between the same electrodes creating an
alternating electric field, E3, parallel to the polarization.

Fig. 2 Finite element model for a cylindrical transducer (Left), and a cross section of
transducer (Right)
Table 1 Coefficients of PZT5A material
d31(C/N)
-171  10-12
S13E (m2/N)
-7.22  10-12

d33(C/N)
374  10-12
S33E (m2/N)
18.8  10-12

d15(C/N)
584  10-12
S44E (m2/N)
47.5  10-12

S11E (m2/N)
16.4  10-12
 11s /  0
916

S12E (m2/N)
-5.74  10-12
 33s /  0
830

4.2 Modal properties of short- and open-circuits
The most important dynamic characteristics of a vibrator are its modal properties,
including modal frequencies and mode shapes. For a piezoelectric vibrator, one often
needs to know its modal properties under both short- and open-circuits. In the present

FE model, when the voltage boundary conditions on the inner and outer surfaces are
set equal to zero, it represents a short-circuit model. When the voltage boundary
conditions on both surfaces are unspecified, it is an open-circuit model.
The modal frequencies (up to 120 KHz) and the corresponding mode shapes for the
short- and open-circuit models are shown at Table 2. One can easily observe that some
of the mode shapes are symmetric to the center, and some are anti-symmetric. Those
modal frequencies corresponding to symmetric modes are highlighted by boldfaced
numbers in Table 2.
Table 2 Modal parameters of the short-circuit model
Mode Number
Frequency
(kHz)

Short
circuit

2

3

4

5

6

7

8

50.65

62.70

63.86

66.32

75.1

75.74

93.21

118

50.85

62.70

64.19

66.32

75.69

89.65

93.22

118

Mode
Shape

Frequency
(kHz)

Open
circuit

1

Mode
Shape

4.3 Impedance function and its characteristic
ANSYS has a built-in capability to compute the electrical impedance function of a
transducer, using the stepped harmonic (single frequency) analysis. Taking the
amplitude of voltage in the radial direction equal to 1, and sweeping the frequency from
0 to 120 KHz with an increment 200 Hz, one obtains the impedance function shown in
Fig. 3. The frequencies corresponding to the local minima are the resonance
frequencies of the multi-mode transducer; and those corresponding to the local maxima
are the anti-resonance frequencies. The resonance and anti-resonance frequencies are
also known to be the modal frequencies of the short- and open-circuit transducers,
respectively (Ballato 1990).
The vertical lines shown in Fig. 3 are located at the modal frequencies
corresponding to the symmetric modes for the short- and open-circuit models,

respectively (see Table 2). Indeed, the resonance and anti-resonance frequencies of
the transducer match well with the modal frequencies of the short- and open-circuit
models. Only those modes with a symmetric mode shape "participate" in the vibration
and associated impedance function is because the axially-uniform voltage input to the
transducer only "excites" symmetric modes. Also due to the uniform nature of the
voltage input along the axial direction, the most dominant participating mode must be
the one with the most uniform mode shape. The resonance frequency corresponding to
global minimum is 75.1KHz, and the anti-resonance frequency corresponding to global
maximum is 89.65KHz, and these frequencies correspond to the most uniform mode
shapes (see Table 2).

Fig. 3 The impedance function of the cylindrical transducer
4.4 Laplace-based and Fourier-based Analysis Method
The impedance function obtained by the stepped single frequency method is
generally considered to be accurate, but it is very time-consuming to repeat hundreds
or thousands of single frequency tests (especially while doing experiments). To obtain
the impedance function efficiently, one traditionally must rely on using the transient
signals of voltage and current (or charge) from a single test, together with a Fourierbased method. In this study, the proposed Laplace domain method is to be evaluated
against the traditional Fourier-based method.
For generating the time signals for voltage and charge, the transient dynamic
analysis of the FE model is conducted. The sampling rate of the time signals is taken
to be f s  10 4 KHz, or the time interval t  1  10 7 s. Thus, the present analysis targets
the modal frequencies below the Nyquist frequency 5  10 3 KHz, and an anti-aliasing
filter might be employed to filter out the frequency content above 5  10 3 KHz. The input
(voltage) signal has been generated with the form V (t )  a exp( t ) , where a  500 V and

  10 3 , for a total duration 5  10 3 s. The output signal is the electric charge

response on the outer surface of the transducer. The voltage and charge signals are
shown in Fig. 4.

Fig. 4 The voltage and charge signals
For properly estimating the impedance function, Fourier-based methods and the
proposed Laplace method have significantly different requirement on the duration of the
output signal. While applying a Fourier-based method, the input and output signals
must be long enough to achieve the desired frequency resolution. In the present
Fourier analysis, the whole signals with duration ( 5  10 3 s) are employed; and
consequently the frequency resolution is 200 Hz. For the proposed Laplace-domain
method, the initial segment from 0 to 2  10 4 s only of the output signal is employed to
extract the poles and residues associated with the signal.
Fig. 5 shows the comparison of the estimated impedance functions from the
proposed method and the Fourier-based method, against that from the stepped single
method. One can easily conclude the following:
1. the impedance function estimated from the proposed method agrees well with that
from the stepped single method (the damping factor for the FE model is set equal
to 0).
2. the proposed method significantly outperforms the Fourier-based method,
especially at the region of high frequency.

Fig. 5 Comparison of the estimated impedance functions

5. VERIFICATION WITH ANALYTICAL SOLUTION
It is of interest to verify the impedance function from the FE model against its
analytical counterpart. Using the analytical formula, Eq. (7), one has the following
parameters: the nominal radius a  ( Do Di ) / 4  6.77  10 3 m, wall thickness
T
t  ( Do  Di ) / 2  1.6  10 3 m, length L  25.4  10 3 m, permittivity e33
 1.5052  10 8 (F/m),

density

  7750 (kg/m3), piezoelectric
12

coefficient

d 31  171  10 12

(C/N)

and

compliance d  16.4  10 (m /N).
Shown in Fig. 6 is the analytical impedance function, comparing to the impedance
function from the finite element model. The analytical impedance function only contains
one vibration mode which is the uniform "breathing" mode. In contrast, the impedance
function from the finite element model includes multiple modes. Due to the imposed
simplifications for the derivation of the analytical impedance function, the significant
discrepancy between these two impedance functions is not surprising.
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Fig. 6 The analytical impedance function against the impedance function from the finite
element model
For better matching the impedance function computed from a finite element model
to the analytical impedance function, a "constrained" finite element model has been
built. This constrained model does not allow movements in the axial direction for all
elements, and it results in the only active mode to be a uniformly breathing mode, and
the resulting impedance function is shown in Fig. 7. Although there is still discrepancy
between the analytical impedance function and the impedance function from the
constrained finite element model, the difference has become much smaller.
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Fig. 7 The impedance function from a constrained finite element model against the
analytical impedance function
6. CONCLUSIONS
A finite element model for a piezoelectric tube was built to test the effectiveness of
a newly proposed method for estimating the impedance function of a piezoelectric
transducer. The impedance function estimated from the proposed method was
compared with those obtained from the traditional methods. It was found that the
proposed method could obtain the impedance function accurately and efficiently.
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