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ABSTRACT
Fracture energy is a very important material parameter and can reflect the activity of
crack propagation in concrete. The tri-linear model for the local fracture energy
distribution can well explain the size effect in fracture energy indicating the boundary
effects of concrete specimens. However, previous studies on the fracture energy are
only aimed at plain concrete. The intention of this paper is to analyze the variation of
local fracture energy near the steel bar. For three-point-bending notched reinforced
concrete (RC) beams, an analytical model is proposed to establish the relationship
between the applied load and the crack opening displacement or crack length during
different loading stages. A critical fracture load is obtained during the fictitious crack
propagation process in the model. It is also the first peak load during the variation of the
applied load and proved to be much related to the cohesive crack-tip local fracture
energy. Upon the comparison between the experimentally measured critical loads and
the predicted critical loads under two extreme conditions, it is found that the aggregates
interlocking and pull-out activities are much limited near the steel bar so that the values
of local fracture energy are smaller than the size-independent fracture energy of
concrete. As the notch length increases, the critical fracture load disappears in both the
analytical model and the tested results.

1. INTRODUCTION
Fracture energy is a very important material parameter and can reflect the activity of
crack propagation in concrete. However, it is found to be much dependent on the sizes
and shapes of the specimens. Hu et al. (1992, 1995) pointed out that the size effect in
concrete is mainly due to the non-constant distribution of local fracture energy along the
ligament of specimen. Then a bi-linear model (Duan et al. 2003) is proposed for the
distribution indicating the back free boundary effect. The author found that the local
fracture energy distribution is also affected by the front free boundary effect (Yang et al.
2011). Thus, a tri-linear model (Yang et al. 2011) is presented and has been verified

experimentally by other researchers (Muralidhara et al. 2011; Saliba et al. 2012; Vydra
et al. 2012). The size-independent specific fracture energy is determined by the tri-linear
model by Karihaloo et al. (2013).
Although numerous researches have been carried out on fracture energy of concrete,
only the fracture energy of plain concrete is considered. Since reinforced concrete
structures are nowadays widely applied in civil engineering, the effect of steel bars on
local fracture energy distribution deserves to be studied. The intention of this paper is to
propose an analytical model to analyze the variation of local fracture energy near the
steel bar.
2. ANALYTICAL MODEL
Fig. 1 shows a three-point-bending notched reinforced concrete beam. Herein, b and
h are the width and depth of the beam, respectively. The span L of the beam is 4 times of
the depth. c refers to the distance from the centroid of the steel bar to the bottom of the
beam. a0 is the initial notch length.

Fig. 1 A three-point-bending notched reinforced concrete beam

When the crack at the mid-span starts to propagate, a micro-crack region appears
ahead of the crack tip and can be simulated as a fictitious crack. The relationship
between the cohesive stress σw and the crack opening displacement w in the fictitious
crack can be simulated as a single-linear model as shown in Fig. 2. It reads
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ftmax is the micro-critical tensile stress and the area under the single line refers to the
local fracture energy gf as indicated by Yang et al. (2011). Then the maximum crack
opening displacement w0 can be expressed by
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Fig. 2 Single-linear model for σw-w relationship

Fig. 3 Distributions of stresses and strains in the cross-section at the mid-span

In the cross-section at the mid-span, it is assumed that the tensile strain of the steel
bar and the strains in the un-cracked concrete distribute linearly along the beam depth
as shown in Fig. 3. Then we have
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An equilibrium equation related to a, hc and wt (crack tip opening displacement) can be
obtained by inserting Eqs. (3b), (3c) and (3d) into Eq. (3a), and denoted by

M1 (a, hc , wt )  0

(4)

Besides, the bending moment M can be expressed as a function of a, hc and wt
according to the force equilibrium condition in the critical cross-section.
Moreover, no slip is assumed between the steel bar and the concrete. The action of
the steel bar can be simulated as a couple of tensile forces on the crack surfaces. Thus,
the deformation compatibility equation by Tada et al. (1985) is still adopted as follows.
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Herein, CMOD is the crack mouth opening displacement and can be given by
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Substituting Eq. (5) with Eqs. (4) and (6), we have another equilibrium equation
related to a, hc and wt denoted by
M 2 (a, hc , wt )  0

(7)

To obtain the critical value of M, the Lagrange Multiplier Method is adopted. A
Lagrange function Ф(a, hc, wt, λ1, λ2) should be constituted as follows.
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By introducing the following conditions
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five equations can be established. By solving the equations, the critical crack length ac
and the critical bending moment Mmax can be obtained. Then the critical fracture load
Pmax can be yielded as follows and it is found to be much dependent on the micro-critical
tensile stress ftmax and the cohesive crack-tip local fracture energy gf.

4M max
(10)
L
It should be noted that the Pmax is actually a critical load during the fictitious crack
propagation process when the tensile stress of the steel bar is much lower than its yield
strength. After the critical state, the applied load decreases but the action of the steel bar
becomes more significant with the crack opening. When the tensile stress of the steel
bar is high enough, the applied load increases again until the steel bar yields.
Pmax 

3. ANALYSIS OF LOCAL FRACTURE ENERGY NEAR THE STEEL BAR
A test on three-point-bending notched reinforced concrete beams was performed to
study the local fracture energy distribution near the steel bar. The width, depth and span
of the beams are 100mm, 200mm and 800mm, respectively. The thickness of the
concrete cover is 20mm. The notch length varies from 30mm to 90mm. The steel bars
have the diameters of 8mm and spirally ribbed surfaces. All the beams were tested in an
Electrical Universal Testing System with maximum range of 100 kN after the curing of 28
days. The test setup is seen in Fig. 4.

Fig. 4 Test setup

A typical curve between the applied load and the crack mouth opening displacement
CMOD is shown in Fig. 5. The critical load Pmax is also the first peak load in Fig. 5.
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Fig. 5 A typical load-displacement curve

Taking into account of the material variation properties, a band of variation should be
considered for the ftmax with the upper and lower limits of 2.1 MPa and 1.7 MPa,
respectively. Moreover, the Pmax is reached at the early stage of crack propagation and
the quasi-stable growth is relatively small. Thus, the crack may go across several
aggregates easily with no bridging stress and the cohesive crack-tip local fracture
energy gf is 0. As the aggregates interlocking and pull-out activities develop, the gf
becomes larger. gf=40N/m is adopted as the maximum value in the region near the steel
bar. Then the analytically predicted critical loads under the two extreme conditions and
their comparisons with the experimentally measured critical loads are seen in Fig. 6.
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Fig. 6 Comparison between predicted and measured critical loads

All the experimental scattered points fall between the lines L0 and U40. It means the
adopted upper and lower limits of both the ftmax and the gf are rational. The line A40
represents the ftmax is adopted as the average value and the gf is adopted as the
maximum. Most of the scattered points are under the line A40 and only 3 points just
touch it. It demonstrates that the aggregates interlocking and pull-out activities are much
limited near the steel bar so that the values of local fracture energy are apparently
smaller than the size-independent fracture energy (around 140 N/m). The boundary
effect by the steel bar is detected in the test. As the notch length increases, the crack-tip
is far away from the steel bar and the gf becomes larger. Then the critical fracture load
can not be obtained in the analytical model and the first peak load disappears in the
load-displacement curve as observed in the test.
4. CONCLUSION
An analytical model is proposed to study the local fracture energy distribution near
the steel bar in reinforced concrete beams. A critical fracture load is obtained during the
fictitious crack propagation process in the model. Then a test was performed on
three-point-bending notched reinforced concrete beams. First peak load is observed in
the load-displacement curve and it is actually the critical fracture load in the analytical
model. Upon the comparison between the experimentally measured critical loads and
the predicted critical loads under two extreme conditions, it is found that the aggregates
interlocking and pull-out activities are much limited near the steel bar so that the values
of local fracture energy are smaller than the size-independent fracture energy of
concrete. As the notch length increases, the critical fracture load disappears in both the
analytical model and the tested results.
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