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ABSTRACT 

Generally for a better Dynamic analysis of civil structures, an accurate numerical model 
or measurement at most of the locations are required. Both are not an easy task, 
because it is really challenging to create a numerical model that accurately represents 
a real life civil structure. It is also not practically possible to get time history 
measurement at all locations in the structure. So this paper aims in estimating strain 
measurement at unmeasured location with the help of kalman filter, which requires time 
history measurement at limited locations and a numerical model of the structure. 
Further fusion of multi-sensor data is studied to check the impact of data fusion on 
strain estimation. A laboratory testing is conducted to experimentally verify the strain 
estimation approach using the Kalman filter. 

Keywords: Dynamic analysis, Strain estimation, Measurement at limited location, 
Kalman filter, Multi-sensor. 

1. INTRODUCTION 
Civil structures are generally subjected to a wide variety of dynamic loads such as 

earthquake, vehicle load, and wind load, which change thestructural properties over 
time. To maintain structural health and integrity, the structures have to be carefully 
monitored and timely maintenance should take place. The structural health monitoring 
systems typically involve the data acquisition to measure environmental factors and 
structural responses, from which important information regarding structural conditions 
can be extracted. For an effective structural health monitoring, dynamic responses from 
most of the locations in a structure are necessary, while this requires a highly dense 
sensor network that is quite costlyand thus practically intractable in large civil structures.  

An alternative way to address the issue is to use the model-based Kalman filter to 
estimate responses at the location where the responses are not directly measured.  
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This approach is particularly useful and practical, considering that the structural health 
monitoring system generally has the limited number of sensors and some sensors are 
malfunction in the case of the long-term monitoring. In case of the fatigue monitoring, 
critical locations are decided according to damage accumulation rules (Zhou, Y.E. et, 
all, 2008 and Kuhn, B et all, 2008). However in huge civil structures it is practically 
impossible to have an accurate numerical model that represents the real life structure. 
Papadimitriou et al. (2010) used estimated strain responses from the Kalman filter to 
determine the fatigue life of a steel structure. Jo and Spencer (2014) proposed a multi-
metric method based on the Kalman filter to enhance the strain estimation performance.  

This paper presents an experimental study to verify the performance of the 
response estimation based on the data fusion of acceleration and strain using the 
limited physical sensor information bytheKalman filter. In addition, this study 
investigates the effect of the numerical model on the estimation accuracy. Primarily a 
manually updated numerical model is developed and the system is represented in state 
space form. This state space model is used to construct Kalman filter based state 
estimator algorithm. 

This paper is organized in the following manner.In section 2, the numerical model 
used for estimation is discussed briefly. Section 3 illustrates the theoretical background 
of Kalmanfilter based estimation.Estimated response is compared with simulation and 
experimental results in section 4 and 5 respectively. 

2. RESPONSE ESTIMATION USING THE KALMAN FILTER  

The Kalmanfilter is a linear quadratic estimation algorithm,used for accurate 
estimation of unknown variables which are actually not accurate with single 
measurement alone.In this case Kalman filter requires two major inputs i.e. a numerical 
model of the physical system and measurements. This section outlines how the model-
based Kalman filter is determined to estimate the strain responses from measured 
acceleration and strain. 

2.1 Numerical Expression of the Structural Model 
The system state is provided by the state space model, which is derived as follows. 

Equation of motion of linear dynamic system is given as

(1)

Where  is the displacement and it’s time derivatives  and  are velocity and 
acceleration vectors respectively. M, C and K are the Mass, Damping and Stiffness 
matrix respectively obtained from the Numerical model.  is the input force vector. 
Let x (t) be the state vector given as 

(2)

The equation of motion in thestate space form is expressed as 

(3)



where

(4)

(5)

In our case we require strain and acceleration as outputs so, the output vector y (t) can 
be expressed in state space form as 

(6)

where

(7)

(8)

(9)

T is the transformation matrix which converts displacements to strain as: 

(t) (10)

Thus, strain and acceleration responses are designated as the outputs of the system.
These output responses are subsequently used in the model-based Kalman Estimator 
to estimate the state variable x(t) that can be used to obtain unmeasured responses at 
desired locations.  

2.2 Response Estimation using the KalmanFilter 
Now Kalmanfilter is used to estimate the state  from the output y(t). It also 

requires the information about process noise covariance Q and Measurement noise 
covariance R. Kalman filter can be built in two steps i.e. prediction and measurement 
update.

Prediction: 

| (11)

|
T Q (12)

Measurement update: 



|
T H | R (13)

| | (14)

1 | (15)

where | is the state variable,  is the Kalmangain, is the error covariance and 
is the estimated state.  Thus, the measured responses in combination with the 
numerical model of a structure can be used in the Kalman Filter to output the estimated 
responses.

3. SIMULATION BASED VALIDATION OF ESTIMATED DYNAMIC RESPONSE 

Dynamic response from arbitrary location is estimated using limited number of 
physical measurements. Herefour measurement from arbitrary locations are used to 
estimate response at any other location. 

Fig 1. Simply supported beam. 

A numerical beam model similar to fig 1 is created using 20 beam element each of 
length 0.1m and so the total length of the beam is 2m (L). A rectangular cross-section 
of thickness 1cm and breath of 8cm is considered. Young’s modulus and density of the 
material are taken as 206Gpa and 7580 Kg/m3 respectively. Euler Bernoulli beam 
element is used to construct this beam model.

3.1 Simulation setup and cases 
Two major category of validation is done here they are single metric and multi-

metric. Under single metric two different cases are analyzed i.e., using strain only and 
acceleration only measurements. Under multi-Metric, acceleration and strain data are 
fused to estimate response at unmeasured location. Measurement and estimation 
locations for various cases are shown in figure 2 

The developed numerical model form section 2 along with state space model in 
section 3 is subjected to band limited white noise of noise covariance Q on MATLAB 
Simulink platform. Measurements form limited locations are obtained from Simulink and 
mixed with measurement noise covariance R. further with these measurements and 
statistical data of input and outputs are used in kalman filter state estimator algorithm 
developed in section 3 to estimate strain at location 15.
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Fig 3. Time domain response estimation for various cases.

(a) PSD comparison of estimated strain  (b) PSD comparison of estimated strain in 
higher frequency region. 

Fig 4. PSD form various cases 

4. EXPERIMENTAL VALIDATION OF ESTIMATED DYNAMIC RESPONSE.
In this section strain estimation using experimental measurement data is performed. 

Here two strain measurement form arbitrary location are measured and response from 
unmeasured location is estimated. 

4.1 Experimental setup and Results: 
Figure 5 shows the beam structure used for experimental validation. Figure 6 shows 

the overall flow of data for strain estimation. 
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Fig 8. Comparison of estimated and experimental PSD at unmeasured location 

From the above results estimation of dynamic response at unmeasured location is 
accurate. Figure 7 shows the time domain response at unmeasured location is accurate. 
From figure 8 PSD comparison is not very accurate because of high measurement 
noise associated with strain sensors.

5. CONCLUSION  

Based on above discussions and results it can be seen that Kalman filter based 
estimation is an effective tool for estimating unmeasured response in dynamic systems. 
Further the investigation of multi-metric concept on experimental validation and 
implementation of this method on complex structures are still an open end research 
topics.
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