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ABSTRACT
In 2011, a huge tsunami devastated many public infrastructures in the pacific
coast of northeastern Japan, including bridges. Since bridges are essential for
transporting people and goods before and after the tsunami disaster, it is important to
prevent the wash-out phenomenon of bridge upper structure during tsunami. Coming
with this motivation, a fluid–rigid body interaction formulation based on the stabilized
Incompressible Smoothed Particle Hydrodynamics (ISPH) method has been
implemented for the prediction of the wash-out behavior. Then, in order to validate our
formulations, comparisons of rigid body vertical and horizontal motion and rotational
angle after wash-out between numerical solutions and experimental results are
presented. In the validation tests, the rigid body motion shows a very good agreement
with the experimental result. In the future works, consideration of the rigid body impact
formulation will be studied and implemented before conducting a real scale bridge
wash-out simulation.
1. INTRODUCTION
On March 11, 2011, a huge tsunami induced by the Great East Japan Earthquake
devastated many public infrastructures in the pacific coast of northeastern Japan,
particularly bridges. The collapse of bridges caused a serious problem of traffic disorder,
contributing to the loss of life and leading to the delay of recovery correspondingly.
After the tsunami, several disaster prevention and mitigation techniques are actively
studied in order to develop better bridges and other coastal infrastructures; one of them
is by utilizing computational mechanics simulation.
In this study, the bridge wash-out phenomenon is selected as a target issue and
represented by using a mesh-free particle method, known as the Smoothed Particle
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Hydrodynamics (SPH) Method, which was originally proposed by Lucy (1977) and
further developed by Gingold and Monaghan (1977). As one of the Lagrangian
meshless particle methods, SPH has been utilized in various civil engineering
applications, mostly in the analysis of moving discontinuities and large deformation
systems such as the free-surface flows with breaking, splash, and fragmentation; those
which are difficult to predict by using computational grids due to its distortion issues.
The objective of this study is to develop an accurate ISPH scheme to simulate a
three-dimensional fluid-rigid body-boundary interaction considering physically based
formulations of rigid bodies including the contact and friction mechanics. To achieve the
aforementioned motivation, a stabilized ISPH method proposed by Asai et al. (2012) is
used and has been continuously developed by our research group to treat the coupling
behavior among structure-fluid-soil mechanics. By utilizing this numerical technique, we
can evaluate much smoother pressure distribution in simulating the fluid-rigid body
interaction behavior between the tsunami wave and the upper bridge structure during
the wash-out phenomenon.
2. FLUID DYNAMICS AND THE STABILIZED ISPH
2.1 Governing Equations
The governing equations of the fluid flow, the continuity and the Navier-Stokes
equation, are represented as,
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where u is the velocity field, P is the pressure, ρ is the density, and ν is the kinematic
viscosity of the fluid, respectively. g and t indicate the gravitational acceleration and
time. The turbulence stress term τ is taken into consideration to represent the effects of
turbulence with a coarse spatial discretization. In the most general incompressible flow
approach, the density is assumed to be constant, with its initial value ρ0. Therefore, the
aforementioned governing equations could be written as
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2.2 The Stabilized Incompressible SPH Method
For SPH numerical analysis, the physical scalar function Φ, the gradient ∇Φ and
the Laplacian ∇2Φ can be approximated as,
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where W is a weight function called as the smoothing kernel function in the SPH
literature. In the smoothing kernel function, rij and h are the distance between neighbor
particles and smoothing length respectively. Here, η is a parameter to avoid a zero
denominator and its value is given by η2 = 0.0001h2. In the current work, the lowest order
B-spline function introduced by Monaghan (1985), the cubic spline truncated at 2h, is
used for the numerical analysis. The subscripts i and j indicate the positions of a
labeled particle, and mj and ρj mean the representative mass and density of particle j.
Note that the triangle bracket  here indicates the SPH approximation of a particular
function. Furthermore, notice that the two expressions of the gradient models, Eq. (6)
and Eq. (7), have a manifold property that can convert to each other in an analytical
sense.

Fig. 1 Particles approximations in a smoothing length
One of the main objectives of the incompressible SPH method is to solve the
discretized pressure Poisson equation at every time step to obtain the pressure value.
The following pressure Poisson equation is utilized in the stabilized ISPH,
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where, α and u* are defined as the relaxation coefficient and temporal velocity that is
given by the following predictor calculation without pressure gradient term in the original
Navier-Stokes equations,
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Note that this relaxation coefficient is strongly dependent on the time increment and the
particle resolution and a special case using α = 0 leads to the original pressure Poisson
equation for the divergence-free scheme. A reasonable value of α can be estimated by
simple hydrostatic pressure test by using the same settings of time increment and
resolution.
After the above temporal velocity is calculated explicitly and the pressure Poisson
equation is solved implicitly, the next step of velocity and position of the fluid particle
can be updated simply as,
t

uin1  ui* 

Pi n1


n1
n
xi  xi  t uin1  .
0

,

(11)
(12)

In this study, the linked-list method proposed by Monaghan and Gingold (1983) is
implemented to our SPH formulation as the nearest neighbor particle searching (NNPS)
algorithm to interpolate a particular physical property. Moreover, a slip and no-slip
boundary treatment by utilizing virtual marker proposed by Asai et al. (2013) is utilized
in order to obtain a more accurate, non-penetrating, and stable fluid flow simulation
nearby wall and rigid body boundary.
3. RIGID BODY DYNAMICS
3.1 Equations of Motion and Momentum Balances
In this study, the general Newton-Euler momentum conservation laws are solved
numerically considering the external forces including the hydrodynamic forces as a
fluid-structure interaction formulation. Following the discretization of rigid body into
particles, upon receiving impacts from fluid and surrounding bodies, the total force is
calculated considering the effect of gravity g, hydrodynamic forces at the rigid surface
Ff and contact forces between the rigid body and fixed boundary Fc. These formulations
are calculated by the following extension of Newton's equation.
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where M is the total mass of the rigid body and Pi is the pressure on surface area ∆Si of
the rigid particle. In the current formulation, the contact force Fc is decomposed into Fn
and Fs, normal and tangential components respectively. Both of these forces are
modeled by using a penalty-based damped spring model which is often used to
simulate granular flow problems in the Distinct Element Method (DEM) proposed by
Cundall and Strack (1979). These forces are further decomposed into a repulsion force,
Fr, arising deformation of the material, and a damping force, Fd, for the dissipation of
energy during the deformation. The formulations of contact forces in the current
research will be explained further in section 3.2.
Once the hydrodynamic and external forces are obtained, the moment can be
calculated easily by using the distance between the target particle and center of gravity
of the rigid body. The angular momentum conservation law is then expressed as,
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Here, similarly, Mf and Mc are the rotational moments resulted from the fluid and
contact forces, while the moment of inertia is denoted by I.
3.2 Contact Mechanics
In the current work, the normal contact forces are given by the following equations
Fn  Fnr  Fnd  kn δn  cn δn ,
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where kn is the stiffness constant and cn is the damping constant given by
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In above equations, r = d0/2 is the particle radius, ν and E are the Poisson ratio and the
Young modulus of the particle coming into contact i and the contacted particle j,
respectively, while ε is the coefficient of restitution between rigid and boundary particle.
In this formulation, we consider the rigid body total mass M to calculate the damping
coefficient; treating the rigid body as a cluster of particles, not as a single particle as

explained in the original DEM formulation (O’Sullivan 2011). Furthermore, the normal
relative displacement δn is simply calculated from the relative distance of two rigid
surfaces in the normal direction. The relative velocity δn , on the other hands, is
calculated by taking a normal difference in velocity between i and j. They are
formulated by the following equations respectively,
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Regarding tangential contacts in the direction of tangential unit vector ŝ, friction is
modelled by a dashpot in series with a sliding Coulomb friction element. One can write,
Fs  min(  Fn , Fsr  Fsd ) sˆ ,
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where μ is the sliding friction coefficient at contact between two distinct materials. The
spring and damping forces and their coefficients are then modelled as,
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3.3 Linear and Rotational Transformation
At a particular point in time, a rigid body is fully determined by four non-scalar
quantities: the position of its center of mass Xb, its orientation, which is described by the
unit Quaternions q and rotational matrix R, and its linear and angular velocities, T and ω,
where these values usually change over time. In order to update the spatial variables of
rigid body accurately, the center of mass and the body’s orientation, the translational
and angular velocity are necessary. They can be obtained simply by integrating Eq. (13)
and Eq. (16) as,
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From the obtained translational velocity, the new position of the center of the
mass X bn1 can be obtained from the obtained linear velocity T n 1 by the following
relationship,

X bn1  X bn  tT n1 .
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Furthermore, we can also compute the new orientation expressed by rotation
matrix Rn+1 from the angular velocity ωn+1 by using the knowledge of unit Quaternions.
Unit Quaternions are expressed in a complex number system of three different
imaginary quantities, consisting of a scalar part and a vector part. The length of the unit
Quaternions must be kept exactly in unity, in order to represent the rotation accurately
without changing the length of a vector.
q = qs ; qv  = q0 ; q1i, q 2 j, q3 k  ,
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After the time integration is conducted to the unit Quaternions, the corresponding
rotation matrix, R, can be obtained subsequently as,
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This rotation matrix then will be used to determine the orientation of the rigid body
particles and to transform vector and tensor properties between body space and world
space.
After all the spatial variables, the linear and angular velocity are obtained, the
position and velocity of each rigid body particle can be obtained by,
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where r0i is the initial particle relative position about the center of mass.
4. VALIDATION AND VERIFICATION TESTS
In order to validate our fluid-rigid body interaction formulations, a comparison
between numerical solutions with experimental results is presented in this chapter. In
this experiment and analysis, a simple girder model was subjected to a dam-break flow
upon the gate is opened.
4.1 Experimental and Analysis Model
The experimental tests were carried out three to four times in three different
cases of initial water height h; 250mm, 300mm, and 350mm. Upon receiving the
hydrodynamics impact from the fluid flow, the location of the girder model is monitored
and recorded by using a 3-D motion capturing system. In this system, self-light emitting
sensors are attached to four corners of the bridge model and the location of the bridge
girder can be measured and tracked by using multiple infrared ray cameras, which can

receive the light from the sensors to measure its 3-D motion, set around the
experimental field. The bridge pier is fixed and the density of the girder is ρ =
1.161g/cm3, referring to the density of PLA filament, the material used to make the
experimental model. The analysis model, the detail of the bridge girder, and the motion
capture system are shown in Fig. 2 and Fig. 3.
In the numerical analysis, the particle diameter used is d0 = 0.50cm, time
increment Δt = 0.0005s and the total number of particles is about 2.4 million, 2.6 million,
and 2.7 million for h = 250mm, 300mm, and 350mm respectively. The flow is assumed
to be 65% slip and the contact force parameters of the rigid body, the Young modulus,
Poisson ratio, and the coefficient of restitution, are; E = 5.0 x 105 N/cm2, ν = 0.28, and ε
= 0.8 respectively. The frictional behavior between the girder and the pier and the glass
wall are considered differently, with sliding friction coefficient µ pier = 0.05 and µ wall = 0.0
respectively. Furthermore, the speed of opening gate is considered as the free fall
velocity, similar to the load pulley gate opening mechanism which was used in the
experimental tests. The world frame of analysis is set as zero in point O in Fig. 2.

Fig. 2 Analysis model

Fig. 3 Detail of bridge model and motion capture system
4.2 Comparison of Girder Motion between Experimental Tests and Analysis
Upon receiving the hydrodynamics force from the flowing water, the motion of the
girder was tracked and compared between the experimental and analytical results. In
the comparison between two results, we only compare the girder movement inside the
observation area as illustrated in Fig. 4 because of the capacity of 3-D motion capturing
system. Fig. 5 shows the average position of girder’s center of gravity tracked right after
wash-out in the horizontal and vertical direction referred from the world frame while Fig.
6 shows the comparison of girder’s rotational angle θ between the experimental tests

and the analysis. All of those figures compare the results obtained for three different
cases of initial water height – 250mm, 300mm, and 350mm respectively. In addition to
that, the time evolution of the three-dimensional wash-out simulations for the 250mm
water height case is presented as an example in Fig. 7.

Fig. 4 Observation area for results comparison

(a)

(b)

(c)

Fig. 5 Comparison of horizontal motion (left) and vertical motion (right) of rigid body
center of gravity between the averaged experimental results and analytical results for
initial water height; (a) 250mm, (b) 300mm, and (c) 350mm

(a)

(b)

(c)
Fig. 6 Comparison of rotational angle between experimental tests and analysis for initial
water height; (a) 250mm, (b) 300mm, and (c) 350mm

t = 0.5s

t = 1.25s

t = 1.5s

t = 1.75s

t = 2.0s

Fig. 7 Time sequence of bridge wash-out simulation by the stabilized ISPH method
for initial water height 250mm

From the above figures, it can be clearly observed that our analysis results show
a very good agreement with the experimental data, simulating the movement and
rotation of girder from positive angle to negative angle. Even though the experimental
results obtained from the motion capturing systems are quite noisy and sometimes
there are some data missing due to the perturbation caused by strong turbulence and
rapid flow, we can still clearly see fairly good tendencies of rigid body motion along the
horizontal and vertical axis, those which are similarly shown by our numerical results.
From these comparisons, we believe that our proposed method can evaluate the fluidrigid interaction motion during wash-out in a small scale experiment.
5. CONCLUSION AND FUTURE WORKS
In this study, the verification and validation tests of fluid-structure interaction
formulation were conducted after introducing rigid body dynamics algorithm considering
decomposed penalty contact forces and spatial variables into ISPH. In our experimental
validations, the rigid body motion shows a very good agreement compared to the
experiment; particularly can be seen from the comparison of the rigid body center and
rotational angle after wash-out. In the future works, consideration of the rigid body
impact formulation will be studied and implemented before conducting a real scale
simulation of a particular bridge structure. Moreover, further research should be
conducted to improve the numerical simulation in consideration of the detailed
multibody systems of rigid and deformable bearings and aseismic connectors between
the bridge upper and lower structures. In order to achieve a better result of FSI
simulation, an SPH–FEM coupled model can be a very effective alternative to
investigate and predict the bridge wash-out phenomena during tsunami.
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