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ABSTRACT 
 
     This study is intended to develop a numerical method to investigate dynamic 
responses of a train-bridge interaction system utilizing the commercial finite element 
analysis software ABAQUS. A typical Shinkansen system (Japanese high-speed 
railway) which consists of 16 cars and a 3-block bridge is the target railway system to 
be investigated. The car comprises car bodies, bogies and wheelsets, which are all 
modelled by rigid bodies and connected with springs and dampers. The bridge is 
modeled with typical solid elements. The interaction between wheelsets and tracks are 
realized by introducing a virtual contact element into the model using a penalty method. 
The rail irregularity is also considered in the analysis. In the ABAQUS, HHT-alpha and 
Newton-Raphson methods are used to solve the equations of motion of the interactive 
system in a time-integration manner and the dynamic responses of certain pre-
specified observation points can be analyzed. The validity of the simulation results is 
verified by comparing with those from a field experiment. The proposed numerical 
method is applicable to investigate more complex cases such as a sudden deceleration 
or separation between tracks and wheels. 
 
1. INTRODUCTION 
 
     With the spreading of high speed railway system (HSRS) in Southeast Asia and 
Africa, there are higher needs for the high-speed train-bridge interaction system which 
is applicable to wide spectrum of engineering problems such as earthquakes 
engineering, wind engineering and bridge engineering.  
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Train-bridge interaction system is composed of the train subsystem, the bridge 
subsystem and the mutual wheel-rail interaction relationship (ZHANG 2010). 
Researchers have developed several methods to study the interaction system’s 
dynamic performance in normal constant-speed running (Wu 2001), deceleration (Azimi 
2013) and derailment (Jin 2016) situations, and so on. In general, bridges are 
discretized by means of the FEM. Train cars are modeled as rigid bodies which are 
connected with springs and dampers (Xia 2006) (Zeng 2016). To solve the interaction 
problem, Yang (1997) introduced the vehicle-bridge interaction element to study a 
coupled system. Su (2010) focuses on the complexity of trains and bridges, which 
assume that wheels and tracks bond together in predefined contact areas. However, 
few researches considered the contact model because it is difficult to predetermine the 
detachment.  
In this study, a numerical method is developed to investigate dynamic responses of a 
train-bridge interaction system utilizing the commercial finite element analysis software 
ABAQUS. A penalty method is used to solve the interaction problem, which is 
essentially a minimum potential energy problem subject to contact constrains. Contact 
areas are determined by finding the optimal contact points yielding the minimum 
potential energy rather than by pre-definitions. Removing the pre-definition constraint, 
this method might make it possible to simulate many behaviors such as braking or 
derailments. More details are given in the following section.  
This method is validated by a case study involving a 16-car HSR train moving on a 3-
block viaduct, whose properties and models are given in Sec. 3. The numerical bridge 
responses are presented and compared with a set of in-field measurement data in Secs. 
4 and 5. Finally, several concluding remarks regarding to its accuracy and potential 
applications are addressed.  
 
2. PENALTY METHOD 
 
    Penalty method is a method to solve the constrained optimization problem shown 
in Eq. (2.1). 

{
𝑚𝑖𝑛𝑥𝑊(𝑥)

𝑔𝑖(𝑥) ≥ 0, 𝑖 = 1,2, … 𝑚
                         (2.1) 

 
The objective function is 𝑊(𝑥). 𝑔𝑖(𝑥) denotes constraint conditions. 𝑥 is the variable. 
In order to get the minimum value of 𝑊(𝑥), a penalty function is introduced and 
transfers the constraint optimization to a unconstraint one  
 

𝜙(𝑥, 𝑟𝑘) =  𝑊(𝑥) + 𝑟𝑘 ∑ 𝐺[𝑔𝑖(𝑥)]𝑚
𝑖=1                    (2.2) 

 
where 𝐺[𝑔𝑖(𝑥)] is the penalty function and 𝑟𝑘 is the penalty parameter. The optimal 
solution of Eq. (2.2) is convergent to Eq. (2.1). 
In civil engineering field, the penalty method has been transplanted into the principle of 
minimum potential energy. The equation sets of finite element models are derived from 
the principle of virtual work that is derived from the principle of minimum potential 
energy. Therefore, if the potential energy is taken as the objective function, and contact 
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situations are taken as constraint conditions as shown in Eq. (2.3), the penalty method 
can be applied to solve contact problems. 
 

{
min𝑝 

𝑔𝑖(𝑢) ≠ 0 
                            (2.3) 

Herein 𝑝 denotes the system potential energy. 𝑔𝑖(𝑢) is the gap function of contact 

area. 𝑢  is the distance between contact points. The penalty allows the virtual 
presentations between contact objects. 𝑔𝑖(𝑢)  can be positive or negative for 
separation or penetration, and the general principle of potential energy function can be 
rewritten as: 
 

ϕ(𝑥, 𝑟𝑘) =  𝑝(𝑢) + 𝑟𝑘 ∑ 𝐺[𝑔𝑖(𝑢)]𝑚
𝑖=1                   (2.4) 

 
3. TRAIN-BRIDGE INTERACTION SYSTEM 
 
     3.1 Train model 
     A numerical model of the typical high speed train in Japan is shown in Fig. 1 (He 
2007). It is a double-layer suspension system made up of one car body, two bogies and 
four wheelsets. All these components are simplified as rigid bodies connected with 
springs and dampers. The train is simplified as a 15 DOF model. The dimension details 
are listed in Table 1, and relevant physical properties are listed in Table 2 (He 2007).  

 

Fig. 1 15 DOF Train Model 
 

Table 1 Dimension of Train 

Definition Notation Value 

1/2 length of car body in x-direction 
Distance of centers of bogies in x-direction 
1/2 distance of centers of bogies in x-direction 
1/2 distance of axes in x-direction 
1/2 width of track gauge 
1/2 distance of vertical lower springs in y-direction 
1/2 distance of vertical upper springs in y-direction 
1/2 distance of longitudinal upper springs in y-direction 
Distance from centroid of body to axis in z-direction 

c 

x 

x1 

x2 

y1 

y2 

y3 

y4 

12.50 m 
17.50 m 
8.75 m 
1.25 m 
0.70 m 
1.00 m 
1.23 m 
1.42 m 
0.97 m 
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Distance from centroid of body to lateral upper spring in z-direction 
Distance from centroid of bogie to lateral upper spring in z-direction 
Distance from centroid of bogie to lateral lower spring in z-direction 
Radius of wheel 

z 

z1 

z2 

z3 

r 

0.50 m 
0.37 m 
0.10 m 
0.43 m 

Table 2 Properties of train 
 

Definition Notation Value 

Weight 
car body 
bogie 
wheelset 

w1 

w2 

w3 

321.616 kN 
25.862 kN 
17.689 kN 

Mass 
moment 
of inertia 

car body 
Ix1 

Iy1 

Iz1 

49.248 kN‧s2‧m 

2512.628 kN‧s2‧m 

2512.628 kN‧s2‧m 

bogie 
Ix2 

Iy2 

Iz2 

2.909 kN‧s2‧m 

4.123 kN‧s2‧m 

4.123 kN‧s2‧m 

wheelset 
Ix3 

Iz3 

0.885 kN‧s2‧m 

0.885 kN‧s2‧m 

Spring 
constant 

upper 
k1 

k2 

k3 

5000.0 kN/m 
176.4 kN/m 
443.0 kN/m 

lower 
k21 

k22 

k23 

17500.0 kN/m 
4704.0 kN/m 
1209.81 kN/m 

Damper 
coefficient 

lateral upper 
vertical upper 
vertical lower 

c2 

c3 

c23 

39.2 kN/m 
21.6 kN/m 
19.6 kN/m 
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Fig. 2 Train model in ABAQUS 

 
A 3D train model is built in ABAQUS (Fig. 2). The dynamic equation of motion for a 
typical train in matrix form is written as: 
 

[𝑴𝑣
𝑡 ]{�̈�𝑡} + [𝑪𝑣

𝑡 ]{𝒖𝑡}̇ +[𝑲𝑣
𝑡 ]{𝒖𝑡} = {𝑭𝒃𝒗

𝒕 }                       (3.1) 

 
where {𝒖𝒕} {𝒖𝒕}̇  and {�̈�𝒕} denote the displacement, velocity and acceleration vectors of 
the train at time point 𝑡, respectively. [𝑴𝑣

𝑡 ] [𝑲𝑣
𝑡 ] and [𝑪𝑣

𝑡 ] are the mass, stiffness and 

damper matrix of the train. {𝑭𝒃𝒗
𝒕 } denotes the interaction force between tracks and 

wheels. Bridge vibrations influence train’s motion through tracks that stick to the bridge 
deck. 
 
     3.2 Bridge model 
     3.2.1 Basic information 

     The typical bridge block of high-speed railway viaducts in Japan is shown in Fig. 3. 
The block is a 24m reinforced concrete structure. The superstructure is rigidly 
connected with the substructure.  
 
     3.2.2 Discretization 
     The block is modeled with solid elements (Fig. 4). The foundation is enlarged in 
the model to simplify the actual complex structure. The boundary condition of the 
foundation bottom is assumed to be fixed. In the FE model, neighboring blocks were 
connected with pins to simulate the connection effect. The damping ratios of the whole 
structure was 0.03. 
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Fig. 3 Elevation view (left) and section view (right) of the bridge structure  
 

 
Fig. 4 Finite element bridge model 

The equation of motions of the bridge system under high-speed train can be written as: 
 

[𝑴𝑏
𝑡 ]{𝒘𝒕}̈ + [𝑪𝑏

𝑡 ]{𝒘𝒕}̇ + [𝑲𝑏
𝑡 ]{𝒘𝒕} = {𝑭𝒃𝒗

𝒕 } + {𝑭𝒈
𝒕 }              (3.2) 

 

where [𝑴𝑏
𝑡 ] [𝑪𝑏

𝑡 ] [𝑲𝑏
𝑡 ] respectively, denote the mass, damper and stiffness matrices of 

the bridge element. {𝒘𝒕}̈ , {𝒘𝒕}̇ , and {𝒘𝒕} are acceleration, velocity and displacement 

vectors of nodes. {𝑭𝒃𝒗
𝒕 } is the external force due to the moving train. {𝑭𝒈

𝒕 } is the 

ground force that applies on the bridge structure. In this study, the ground force is the 
foundation pressure. In addition, instead of applying equivalent force on the foundation, 
the foundation bottom was fixed for simplification. 
 

     3.3 Rail model 
     Rail is also included in the system utilizing solid elements for simulation. The 
sectional area of the rail is 0.00775m2. Its density is 60.8kg/m and moment of inertia is 
0.0000309m4. Fig. 5 shows measured rail surface irregularity profiles (He 2007). The 
rail is elastic deformable. It is assumed that the bottom of rail is connected firmly to the 
bridge.  
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Fig. 5 Rail irregularity 

 
     3.4 Wheel-rail interactions 
     Generally, the interaction force between wheelsets and rail includes longitudinal 
traction force, lateral creep force and vertical compression. The traction force is rather 
small when train is moving in a high speed. Therefore, its influence on the performance 
of train-bridge interaction system was neglected. Besides, it is assumed that the rails 
were well-maintained and perfectly straight in the longitudinal direction. The lateral 
relative motion and the lateral creep force were also neglected in the simulation. 
 
4. SOLVER 
 
     In considering the speed of the Shinkansen (270 km/h, or 75 m/s), sixteen cars of 
the Shinkansen train pass on the bridge structure within seven seconds. For the 
dynamic response analysis of the train-bridge interaction system, the whole analysis 
procedure is divided into small time steps. Each time step can also be divided into a 
two-phase built-in implicit time integration process. 
In the first phase, the system motion vectors, displacement, velocity and acceleration, 
at present step are calculated by the Hilber-Hughes-Taylor-α (HHT-α) method, which is 
a modified Newmark-beta method as the time-integration method. In the second phase, 
the penalty method changes the contact condition into a material nonlinearity problem 
and modifies the stiffness matrix and interaction force. The bridge dynamic equation 
should be updated as Eq. (4.1).  
 

[𝑴𝑏
𝑡 ]{𝒘𝒕}̈ + [𝑪𝑏

𝑡 ]{𝒘𝒕}̇ + [𝑲𝑏𝑐
𝑡 ]{𝒘𝒕} = {𝑭𝒃𝒄

𝒕 } + {𝑭𝒈
𝒕 }           (4.1) 

 

where the [𝑲𝑏𝑐
𝑡 ] denotes the updated stiffness matrix involving contact elements. 

{𝑭𝒃𝒄
𝒕 } denotes the interaction force. Then Newton-Rapson method is utilized to get a 

numerical solution which satisfies the convergence criterion. Finally, the system’s time 
history response is achieved step by step.  
 
5 CASE STUDY 
 
     5.1 Field test 
     Previous research has provided a sketch for the three-block bridge structure (Fig. 
6). There are three observation points, point-1, point-2 and point-3. Point-1 is located at 
the end of the cantilever. Point-2 is located in the connection region between the first 
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column and beam. Point-3 is located in the connection region between the third column 
and beam.  

 

     5.2 Simulation  
     The total length of the train with 16 cars was 400m. The simulation model 
includes an entrance zone of 500m, a three-block bridge structure with length of 74m 
and an exit-zone of 500m long. The initial position of the first car is 75m away from the 
bridge structure. Gravity forces were considered in the whole analysis span. The train 
moves with a constant speed 75m/s. The analysis time interval was 0.01s.  
 
     5.3 Results 
     5.3.1 Eigenvalue Analysis 
     First three natural frequencies of one block from eigenvalue analysis are listed in 
Table 3 comparing with existing research (He 2007). The comparison showed a good 
agreement. Figure 7 shows the vertical bending mode of the block.  
 
 

 
Fig. 6 Three-block bridge and observation points 

 
Table 3 Eigenvalue analysis of one block.  

 

 First mode Second mode Third mode 

(He 2007) 2.53 Hz 2.63 Hz 2.66 Hz 

Simulation 2.59 Hz 2.66 Hz 2.76 Hz 
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            (4th  17.306Hz)                         (17th  28.057Hz) 
 

Fig. 7 Vertical bending modes of one block 
 

 
Table 4 Comparison of maximum acceleration and RMS value 

 

Maximum acceleration (Gal) RMS Values (Gal) 

Point No. Experiment Analysis (difference) Experiment Analysis (difference) 

1 239.4 238.55 (-0.355%) 79.8 54.89 (-17.31%) 

2 91.4 94.54 (3.43%) 29 22.53 (-22.31%) 

3 43.1 39.05 (-9.39%) 14.9 12.28 (-17.58%) 

 

 

 
 

Fig. 8 Acceleration time history and FFT spectrum of Point-1 

 
Fig. 9 Acceleration time history and FFT spectrum of Point-2 
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Fig. 10 Acceleration time history and FFT spectrum of Point-3 

 

 

     5.3.2 Acceleration time history  
     Table 4 shows the maximum acceleration and root mean square (RMS) values of 
test points. The simulation result with ABAQUS indicates good agreement with the test 
data, especially for the maximum acceleration values.  
Acceleration time histories of the observation points in the vertical direction are shown 
in Figures 8 to 10. Dominant frequencies around 10 to 20 Hz and their amplitudes of 
these three points coincide with the measurement data (He 2007). The 1st vertical 
bending mode (17.306 Hz, see Figure 7) presents in the FFT spectra. As for the 2nd 
vertical bending mode (28.057 Hz, see Figure 7), it is absent in the FFT spectra, 
probably because the observation points are not located in the troughs or crests of the 
mode shapes. Although a clear peak presents around 30 Hz, it is more likely to 
correspond to a frequency caused by the equally spaced moving axles rather than the 
bridge’s second bending mode. To be more specific, the 2.5-m spaced axles (see 
Table 2) moving at the speed of 75 m/s would yield a 75/2.5 = 30 Hz repeating loading 
on the bridge.  
The difference of RMS between analytical results and test data rooted from 1) 
inevitable discrepancy between the numerical model and actual objects (bridge and 
train) and 2) measurement noise which was not considered in simulations. Therefore, 
the numerical model and the proposed solution method are considered to some extent 
acceptable to study the actual engineering issues.  
 

 

 

6. CONCLUSION AND DISCUSSION 
 
     This study proposes a numerical scheme for the three-dimensional analysis of a 
train-bridge interaction system using a penalty method. This implementation is applied 
to a Shinkansen high-speed railway system involving a 16-car train moving on a 3-
block viaduct. The dynamic response of this coupled system is solved with the HHT-α 
method and Newton-Raphson method embedded in the FE analysis package ABAQUS. 
Irregularity of rail surface was taken into consideration.  
Acceleration results from the numerical analysis were well comparable with 
experimental data. This method is validated and considered efficient to study high-
speed train-bridge interaction system problems.  
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Furthermore, this method is essentially a multi-contact simulation. The introduced 
contact mechanism makes it possible to study other cases such as deceleration or 
derailment. Some parts of the detail, the ballast system, sleepers and brackets, were 
neglected or simplified as connections in the model. Since this model is built with solid 
elements, it is reasonable to develop more sophisticated models to investigate some 
other engineering problems such as stress concentration, fatigue, and so on.   
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