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ABSTRACT 
 

The coupled vibration of a group of square slender beams submerged in a water-

filled rigid square container is investigated. The hydrodynamic mass coefficients of 2-

dimensional square sections and beams are extracted from the natural frequencies of 

the liquid-coupled system as a function of the liquid gap size between the structures 

using the commercial finite element analysis code, ANSYS. The difference in the 

hydrodynamic mass coefficients and mode shapes between the 2-dimensional and 3-

dimensional models of the liquid-coupled system is investigated. It is found that the 

hydrodynamic mass coefficients of the four square beams decrease logarithmically with 

the liquid gap size between the beams regardless of the vibration modes. The 

maximum hydrodynamic mass coefficient is observed in the bulging mode, on the other 

hand, the minimum hydrodynamic mass coefficient in the rotational mode. The 

hydrodynamic mass coefficients for the beams can be applicable to the spent fuel 

storage rack design of nuclear power plants. 
 

1.  INTRODUCTION 
 

It is well known that the natural frequency of a submerged structure in a liquid 

decreases compared to that in air or in a vacuum owing to the added mass or 

hydrodynamic mass of the liquid. Many researchers predicted the natural frequencies 

of structures in contact with water. Although the dynamic interaction between elastic 

structures and an adjacent liquid is one of the recent research topics in fluid-structure 

interaction problems, analytical solutions for the hydroelastic vibration problem are not 

available except simple submerged structures. Therefore, numerical approaches based 

on the finite element or boundary element method are commonly employed in various 

engineering fields in conjunction with the fluid-structure interaction. Nevertheless, the 

numerical solution based on the finite element method still requires powerful numerical 

tools such as commercial software and efficient hardware. 

 

One of the fluid-structure interaction problems in nuclear power plants is the 

submerged fuel assemblies in the reactor coolant. The fuel assemblies are installed in 
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the core region surrounding with the core shroud assembly, lower core support plate, 

and fuel alignment plate. When the fuel assemblies are removed from the core after 

normal operation, they are transported into the spent fuel storage rack filled with water 

to protect from irradiation and to remove residual heat generated from the spent fuel 

assemblies. To perform a seismic analysis for the fuel assemblies submerged in the 

spent fuel storage rack, the dynamic characteristics of the fuel assemblies in water 

must be identified. Therefore, it is essential to confirm the hydrodynamic coupling 

between the fuel assemblies submerged in water. In particular, the water gap between 

the fuel assemblies in the spent fuel storage rack significantly affects the dynamic 

characteristics of the liquid-coupled system. The arrangement of the fuel assemblies in 

the fuel storage rack can be simplified as a bundle of square sections or beams with a 

water gap. 
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Fig. 1  2-dimensional hydroelastic vibration model of four square sections. 
 

In the previous study (Jeong, 2017), the natural frequencies of 2-dimensional 

square single and multiple sections were obtained as a function of the liquid gap size 

between the square sections or the surrounding rigid wall using the finite element 

method. It is now extended to 3-dimensional bending motion of the square beams 

submerged in water. As the fuel assemblies submerged in water were simulated as a 

bundle of 2-dimensional square sections with a water gap, the difference induced by 

modeling from 3-dimensional square beams to 2-dimensional square sections will be 

investigated using a commercial finite element analysis code, ANSYS (release 15). The 
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hydroelastic vibration analysis of multiple long square flexible beams contained in a 

rigid container to identify the hydrodynamic mass effect will be carried out. The natural 

frequencies of the square beams submerged in water are obtained as a function of the 

water gap size, and the diversity in the coupled mode shapes will be presented. The 

hydrodynamic mass coefficients are simultaneously extracted from the coupled natural 

frequencies with respect to the various water gaps and depths. 

 

H

L

 

Fig. 2  3-dimensional hydroelastic vibration model of four square beams. 
 

 
2.  HYDRODYNAMIC COUPLING OF SQUARE BEAMS 
 
2.1  Model of Multiple Square Sections Surrounded with Liquid 

The identical structures, such as a group of cylinders and a bundle of square 

cylinders, are widely used in many engineering fields. If multiple structures are 

separated in air or in a vacuum, no dynamic couplings exist. The modal analysis results 

of multiple structures can be described satisfactory as the dynamic characteristics of a 

single structure. However, the dynamic characteristics of identical multiple structures 

submerged in a liquid cannot be defined as those of a single structure because the 
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liquid produces the hydrodynamic coupling between structures. The coupling induced 

by the liquid motion makes the dynamic behavior of liquid-coupled system complicated. 

As an example of multiple structures coupled with water, four square sections and 

beams submerged in a water-filled rigid container are illustrated in Figs. 1 and 2, 

respectively. Fig. 1 shows the 2-dimensional model of water-surrounding four square 

sections in order to simulate the bending vibration of four 3-dimensional beams (Fig. 2) 

in water. The 2-dimensional model of a structure used to simulate the bending vibration 

of the structure is widely used as long as it is under dry conditions. However, the 2-

dimensional modeling from 3-dimensional structures in water may produce some 

discrepancy in a dynamic analysis. To check the availability of a 2-dimensional modal 

analysis of multiple structures in water, finite element analyses of square sections are 

carried out for several liquid gaps using ANSYS, as illustrated in Fig. 3. The square 

sections are meshed with a 2-D solid structure element (PLANE182), which is defined 

by four nodes having two degrees of freedom at each node. The liquid region is also 

meshed with a 2-D fluid element (FLUID29), which is used for modeling the fluid 

medium and the interface in fluid-structure interaction problems. The springs are 

laterally attached to the square sections with a uniaxial tension-compression spring-

damper element (COMBIN14) in order to simulate the bending stiffness of the beams. 

The nodes of the liquid elements interfacing with the square sections are coupled in the 

normal direction. The material density of 2700 kg/m2, water density of 1000 kg/m2, and 

spring constant of 5.3  105 (N/m) are used as the physical input data in the 2-

dimensional finite element analysis model. The natural frequencies and the mode 

shapes of the water-coupled system are extracted from the finite element analyses. 

2.2  Model of Multiple Beams Surrounded with Water 

The square beams are identical in dimensions and material properties, and each 

beam is fixed at the bottom and free at the top as illustrated in the finite element 

analysis model of Fig. 4. The 3-dimensional square beams with a height of H are filled 

with water having a depth of L. To investigate the liquid-coupling effect of four beams 

on the natural frequencies, finite element analyses are performed with respect to 

several water gaps and partially or fully filled cases using ANSYS. The finite element 

model of Fig. 4 demonstrates the combined meshes with an equal size of a 3-D solid 

structure element (SOLID185) and 3-D fluid element (FLUID30). The displacement of 

water coincides with that of the beam along the interfacing surface to simulate the 

compatibility requirement. The hydrodynamic mass coefficients are extracted from the 

natural frequencies of the liquid-coupled system obtained. 



The 2018 World Congress on 
Advances in Civil, Environmental, & Materials Research (ACEM18) 
Songdo Convensia, Incheon, Korea, August 27 - 31, 2018

Fig. 3. 

 

 
Fig. 4 
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3. HYDRODYNAMIC MASS 
 
3.1  Single Square Beam in Water 

A long square beam can be regarded as a square section connected with spring 

constant k in 2-dimensional domain. When the motion of a square section in a vacuum, 

the equation of motion will be written as 

                             
2

2
0

d w
m k x

dt
  , (1) 

where m  is the mass per length of the square section and x  is the lateral 

displacement. The natural frequency of the square section in a vacuum, a , is simply 

given by  

                             /a a2 f k m   . (2) 

Because the liquid is assumed to be inviscid and incompressible and it is assumed to 

oscillate with a small displacement, the equation of motion for the structure submerged 

in water is given by Eq. (3) owing to the hydrodynamic mass per length of water, fm . 

                           
2

2
0f

d x
m m k x

dt
   . (3) 

Therefore, the natural frequency of the square section oscillating in the liquid is  

                             
f

k

m m
 


. (4) 

Comparing Eqs. (2) and (4), we can obtain the normalized natural frequency, / a  . 

           
1 1

1 ( / ) 1 ( / )a f f m o

m

m m m m C


  

  
  

, (5) 

where o  and   are the density of the liquid and the structure, respectively. 

Because the density ratio, /o   in Eq. (5) is greater than zero, the normalized non-
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dimensional frequency is always less than unity. Thus, the liquid tends to reduce the 

natural frequency of the liquid-surrounding structure. The hydrodynamic mass 

coefficient can be extracted with both the density ratio and the normalized natural 

frequency from Eq. (5). 

                            
2

1a
m

o
C


 

     
   

. (6) 

It is obvious that the dynamic response of a liquid-coupled system depends on the 

hydrodynamic mass coefficient for a single rigid structure in an ideal liquid. As long as a 

hydrodynamic mass coefficient is known, the dynamic response including the natural 

frequency of a structure in a liquid can be easily estimated.  

3.2  Multiple Beams in Water 
 

When multiple identical square sections or beams are submerged in a liquid-filled 

rigid container, the equation of motion can be written in a matrix form. 
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0
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0
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, (7) 

where j is the number of square sections or beams, and rsM  (r = 1, 2…j; s = 1, 2…j) 

indicates the hydrodynamic mass on the r-th section or beam owing to the oscillation of 

s-th section or beam. The assumption of sinusoidal time functions of the displacement 

is defined as 

                           

1 1

2 2

3 3 exp (i )

j j
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,  (8) 
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where 1A , 2A ,... and jA  are vibration amplitudes, and   is angular natural 

frequency of the sections or beams. Substitution of Eq. (8) into Eq. (7) gives an 

eigenvalue problem. 

2 2 2 2
11 12 13 1

1
2 2 2 2

12 22 23 2 2

2 2 2 2 313 23 33 3

2 2 2 2
1 2 3

( )
0

( ) 0

0( )

0
( )
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j
j j j jj

k m M M M M x

M k m M M M x

xM M k m M M

x
M M M k m M

   

   

   

   

       
                    

     
     
          






     



 

 (9) 

Non-trivial solutions to Eq. (9) exist only if the determinant of the matrix on the left side 

is zero. It gives a polynomial equation to obtain the coupled frequencies or 

hydrodynamic mass coefficients rsC  (r = 1, 2…j; s = 1, 2…j). 
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,  (10) 

where 2/k m  . The hydrodynamic mass coefficients rsC  (r = 1, 2…j; s = 1, 2…j), in 

the sense of the coupled equation of motions, can be determined using the coupled 

natural frequencies obtained through Eq. (10). The hydrodynamic mass coefficients 

rsC  of a group of 2-dimensional circular cylinders were given by a theoretical 

formulation (Chen and Chung, 1976) based on Eq. (10). However, the process to 

extract the hydrodynamic mass coefficients of the square sections from the known 

natural frequencies is very complicated. Hence, we now redefine the hydrodynamic 

mass coefficients for multiple structures based on the diagonalized uncoupled 

equations, as given in Eq. (11). 
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The redefined hydrodynamic mass coefficient for multiple structures is  

 
2

1a
m
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, (12) 

 
where s  is the s-th mode natural frequency of the liquid-coupled structures. 

 
 
4. HYDRODYNAMIC MASS AND MODE SHAPES 
 
4.1  Hydrodynamic Coupling 
 

The hydrodynamic coupling of multiple structures are characterized as various 

vibrational mode shapes. The coupled mode shapes of four square sections and 

beams are illustrated in Figs. 5 and 6, respectively. The relative movements of the 

sections are given by the in-phase and out-of-phase vibration modes. The 1st and 3rd 

vibration modes of the sections indicate the out-of-phase movement, and the 2nd and 

4th vibration modes indicate the in-phase one. On the other hand, the 1st bending 

vibrational mode of the four square beams is the bulging oscillation which looks similar 

to the out-of-phase movement, and the last 6th bending vibrational mode demonstrates 

the rotational movement, which resembles the in-phase movement.  

 
 

       
1st mode            2nd mode           3rd mode           4th mode 

 
Fig. 5  Schematic mode shapes of 2-dimensional four square sections submerged in a 

liquid-filled square container. 



The 2018 World Congress on 
Advances in Civil, Environmental, & Materials Research (ACEM18) 
Songdo Convensia, Incheon, Korea, August 27 - 31, 2018

 
Fig

 

 

Figs. 7 

and bea

identical

different

shows a

phase o

that a 2-

can disto

 

4.2  Liq

 

It w

frequenc

significa

submerg

1st mod

4th mod

g. 6  Mode

and 8 dem

ams, respe

l with the 

t. The 9th 

a rotationa

or bulging m

-dimension

ort the dyn

quid Gap E

was know

cies of th

antly. The h

ged in wate

e 

e 

e shapes o

monstrate 

ectively. Al

out-of-pha

mode in F

al oscillatio

mode is le

nal model f

namic char

Effect on Hy

n that the

he liquid-c

hydrodyna

er are plott

 

 

of 3-dimens

the typica

though the

ase movem

ig. 7 is an 

on. It is ob

ess than th

from 3-dim

racteristics 

ydrodynam

e liquid g

coupled sy

amic mass 

ted as a fu

2nd mode

5th mode

sioal four s

l coupled 

e first mod

ment in the

in-phase m

bvious tha

hat of the i

mensional m

 of the liqu

mic Mass

gap betwe

ystem (Je

coefficien

unction of t

e 

e 

square bea

mode sha

des in Figs

e lateral d

movement

at the natu

n-phase o

multiple str

uid-coupled

een the s

ong, 2006

ts for four 

the liquid g

ams couple

apes of nin

s. 7 and 8 

direction, th

t and the 1

ural freque

r rotationa

ructures co

d structures

tructures 

6; Jeong 

square se

ap ratio (c

3rd mode 

6th mode 

ed with wa

ne square 

are appro

he last mo

18th mode 

ency of th

al mode. It 

oupled with

s. 

affect the

and Kang

ections an

c/a, ), as s

ater. 

sections 

oximately 

odes are 

in Fig. 8 

e out-of-

is found 

h a liquid 

e natural 

g, 2013) 

d beams 

shown in 



The 2018 World Congress on 
Advances in Civil, Environmental, & Materials Research (ACEM18) 
Songdo Convensia, Incheon, Korea, August 27 - 31, 2018

Figs. 9 and 10, respectively. 

 

   
1st mode              2nd mode               3rd mode 

   
4th mode               5th mode               6th mode 

   
7th mode               8th mode               9th mode          

 
Fig. 7  Schematic mode shapes of nine square sections submerged in a liquid-filled 

square container. 
 

 

As indicated in both figures, the hydrodynamic mass exponentially increase with 

the decrease in the liquid gap. We can extrapolate that the split hydrodynamic mass 

coefficients according to the vibrational modes tend to converge to a specific mass 

coefficient of a single structure submerged in an infinite liquid. As shown in Fig. 9, the 
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with the liquid depth for the fundamental vibration mode. If the slender tube is clamped 

at the bottom and top ends, the hydrodynamic mass effect will gradually increase with 

the liquid depth to the middle of the tube, and the hydrodynamic mass increment will 

gradually decrease to the maximum liquid level for the fundamental axial vibration 

mode. For the second axial vibration mode, the hydrodynamic mass effect will gradually 

increase and decrease to the middle liquid depth according to the liquid depth, and will 

repeat the increase and decrease to the top liquid depth again. The hydrodynamic 

mass effect on the natural frequency in conjunction with the liquid depth and nodal line 

is known as the transition plateaus phenomenon (Jeong and Lee, 1998). 

 

 

 
 

Fig. 9  Hydrodynamic mass coefficients of four square sections submerged in a square 
container. 

 

 

The hydrodynamic mass coefficients of 3-dimensional four square beams 

submerged in water are plotted in Fig. 11 as a function of the liquid depth ratio,  = L/H.  



The 2018 World Congress on 
Advances in Civil, Environmental, & Materials Research (ACEM18) 
Songdo Convensia, Incheon, Korea, August 27 - 31, 2018

As mentioned above for a single tube in water, the hydrodynamic mass coefficients of 

the multiple beams are negligible within the range of 0 <  < 0.2. They increase rapidly 

within the range of 0.3 <  < 1.0, because the square beams are clamped-free. It is 

clear that the larger relative amplitude of the beams during oscillation, the greater the 

hydrodynamic mass is. 
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Fig. 10  Hydrodynamic mass coefficients of four 3-dimensional square beams 
submerged in a liquid-filled square container. 

 
 
 
3. CONCLUSIONS 
 

To estimate the hydrodynamic mass effect of multiple square beams in a liquid-

filled rigid square container, a free vibration analysis is carried out using ANSYS. The 

natural frequencies of the square sections are obtained as a function of the liquid gap 

size between the square sections. The hydrodynamic mass coefficients are extracted 

from the natural frequencies for various vibration modes. The difference in the 
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hydrodynamic mass coefficients and mode shapes between the 2-dimensional and 3-

dimensional models of the liquid-coupled system is investigated. It is found that the 

hydrodynamic mass coefficients of the multiple square beams decrease logarithmically 

with the liquid gap size regardless of the vibrational modes. It is observed that the 

maximum hydrodynamic mass coefficient corresponds to the bulging mode and the 

minimum hydrodynamic mass coefficient to the rotational type mode. The estimated 

hydrodynamic mass effects can be applicable to the spent fuel storage rack design and 

analysis of nuclear power plants. 

 

 

 
 

Fig. 11  Effect of liquid depth on hydrodynamic mass coefficients of four 3-dimensional 
square beams submerged in a liquid-filled square container. 
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