
The 2020                 World Congress on 
Advances in Civil, Environmental, & Materials Research (ACEM20) 
25-28, August, 2020, GECE, Seoul, Korea

  

Progressive search method for determining basal heave failure 
surface of excavation in anisotropic clay 

 

Hong Li1), Liu Han-Long2), *Zhang Wen-gang3) 
 

1), 2),3) Department of Civil Engineering, Chongqing University, Chongqing 400045, 

China 
3)Cheungwg@126.com 

 

ABSTRACT 
     Determining the failure surface is a key point in basal stability analysis of braced 
excavations in soft clay. In general, for limit equilibrium (LEM) and upper bound 
analysis method, the failure surfaces are assumed. In this study, progressive search 
method was proposed. It includes three parts. Firstly, random number method was 
adopted to generate several initial failure surfaces. Secondly, multi-block upper bound 
method was adopted to establish power equation and calculate the safety factor of 
each failure surface. Thirdly, from the initial failure surfaces to the critical failure 
surfaces, an algorithm of search is necessary. So, the progressive search algorithm 
was adopted. In order to describe the behavior of anisotropic soil, the anisotropic 
criterion was applied to multi-block method. Based on the examples and case study, 
suggestions with regard to the number of initial surfaces, the number of searches were 
proposed. Compared with the shear strength reduction in finite element method (SSR-
FEM), it is verified that progressive search method is reasonably used to basal stability 
analysis of braced excavation in anisotropic clay. 
Key words: basal stability analysis, braced excavations, anisotropic soil, multi-block 
upper bound method, progressive search algorithm. 
 
1. INTRODUCTION 
 
     Basal stability analysis plays an important role in braced excavation in soft soils. 
Recently, the methods of basal stability analysis mainly include limit equilibrium method 
(LEM) (Goh 1994,2008), shear strength reduction in finite element method (SSR-FEM) 
and upper bound method (Afiri 2017, Faheem 2003, Goh 2017a, 2017b). Upper bound 
method was proposed by Drucker (1952) and was firstly applied to structure 
engineering. Based on the characteristics of soil and rock materials, Chen et al. applied 
upper bound method to bearing capacity analysis of foundations and stability analysis 
of slopes (Chang 2000, Chen 1975, Chen 2015, Gao 2015, Han 2014, Huang 2009, 
2018, Michalowski, 2009). Based on the previous work, upper bound methods include 
upper bound finite element method (Ukritchon 2003), multi-block method (Huang 2009, 
Qin 2010b) and traditional analytic upper bound method (Chang 2000, Huang 2018, 
Cai 2018). Compared to upper bound finite element method and other upper bound 
methods, multi-block method requires fewer assumptions and is easy for realization. 
   
1) Professor 
2) Postgraduate 
3) Professor 



The 2020                 World Congress on 
Advances in Civil, Environmental, & Materials Research (ACEM20) 
25-28, August, 2020, GECE, Seoul, Korea

  

    For braced excavation in soft soils, LEM and SSR-FEM were universally applied to 
analyze basal stability. However, the use of multi-block method in braced excavation 
was less reported. In this paper, multi-block method was adopted for braced excavation. 
In addition, the progressive search method was adopted to optimize the determination 
of the failure surfaces; and the anisotropic strength criterion was adopted to describe 
the behavior of the soft anisotropic soils. 
    Currently, for anisotropic soils, anisotropic constitutive model (Mroz 1978, 1979), 
random finite element analysis (REFM) (Luo 2020, Chen 2019) and anisotropic 
strength criteria are general methods. Based on the anisotropic constitutive model, it is 
possible for us to propose related design methods or carry out integrated numerical 
simulations. However, the shortcoming is the material parameters for anisotropic 
constitutive model are difficult to determine. For example, the NGI-ADP model in 
PLAXIS is an anisotropic model which needs 10 parameters of strength and stiffness in 
2D, while the Mohr-Coulomb model just needs 5 parameters. In addition, the 
anisotropic tests for soils are expensive than general tests. For RFEM, its core idea is 
that generate a finite element model with soil strength and stiffness following spatial 
variability based on the statistical characteristics of soil strength and stiffness. For 
anisotropic strength criterion of soil, it was first proposed by Casagrande (1944), which 
assumed that the soil shear strength was related with the direction of failure surfaces. 
Currently, the anisotropic criteria are widely applied to geotechnical engineering, 
especially in stability analysis (Su 1998, Wang 2014). Based on the advantages and 
disadvantages of each method, the second method and third method are applied 
widely. The third method was adopted to describe the behavior of anisotropic soil. 
 
2. Multi-Block upper bound method 
 
    2.1 Basic theory 
    There are many expressions for limit analysis. In this paper, the following power 
equation is adopted. Eq. (1) means energy dissipation power is not less than external 
power for all kinematically admissible velocity fields. 

∫ 𝑇𝑖𝑆
𝑣𝑖𝑑𝑆 + ∫ 𝑋𝑖𝑣𝑖𝑑𝑉 ≤ ∫ 𝜎𝑖𝑗𝜀�̇�𝑗𝑉𝑉

𝑑𝑉   𝑖, 𝑗 = 1,2,3                  (1) 

    where 𝜀�̇�𝑗 is the plastic strain rate in the admissible velocity field; 𝑣𝑖 is the velocity 

field (compatible velocity field) which is geometrically compatible with 𝜀�̇�𝑗; 𝑋𝑖 and 𝑇𝑖 

are the surface force on boundary S and the volume force in space V, respectively; 𝜎𝑖𝑗 

is the stress which is satisfied the associated flow rule. For any kinematically 
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    The calculation processes of upper bound method include four part: firstly, 
establishing kinematically admissible failure mechanism; secondly, calculating the 
velocity field which satisfies compatible conditions; thirdly, establishing the power 
equation; lastly, calculating safety factors. 

2.2 Kinematically admissible failure mechanism 
    According to the previous study of upper bound analysis (Huang 2018, Qin 2010a, 
2010b, 2012), the failure surfaces of basal heave in excavation are usually circle slip 
plane (Fig. 1).  
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Fig. 1 Kinematically admissible failure mechanism of upper bound analysis 

    In Fig. 1, the support system was assumed rigid so that the failure surfaces would 
not cross diaphragm wall. Similarly, it is assumed that the failure surfaces would be 
above the hard soil layer. From Fig. 1, the failure surfaces consisted of n+1 points and 
n blocks (included two quadrilateral blocks and n-2 triangle blocks). In order to satisfy 
accuracy of calculation, enough triangle blocks were needed. And in the section 3.3, 
this problem would be discussed. Other notations were showed in Table 1. 

Table 1 Explanations of Symbols 

Symbol Description 

𝐵/𝑚 Width of excavation 
𝐻/𝑚 Depth of excavation 
𝐷/𝑚 length of support wall below the finial excavation surface 
𝑇/𝑚 Depth of hard soil or rock layer 
𝑘𝑖/𝑚 Length of interface between two adjacent blocks 
𝑙𝑖/𝑚 Length of failure surface of each block 

𝒗𝒊 Speed vector in the surface of li 
𝒗𝒊,𝒊+𝟏 Speed vector in the surface of ki 

𝜃𝑖 
Angle between vi+1 and negative vertical direction (assuming down is 
negative) 

 
  Based on compatible conditions of kinematical field, vi and vi,i+1 can be calculated 

by Eq. (2): 
𝒗𝒊+𝟏 = 𝒗𝒊 + 𝒗𝒊,𝒊+𝟏     𝑖 = 1,2, ⋯ , 𝑛 − 1                    (2) 

From Eq. (2), if directions of three vectors and value of one vector are known, all 
values can be calculated. In this paper, all directions of vectors are obtained from 
failure surfaces, and it is assumed that v1 equals to 1. The detailed derivation is 
provided in reference (Qin 2012, Zou 2004). 
 
    2.3 Application to basal stability analysis of excavation in anisotropic soils 

  In Eq. (1), the power equation includes external power and energy dissipation 
power. For basal stability analysis of excavation, the external power includes soil 
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gravity and upper load; the energy dissipation power includes dissipation at interfaces 
between adjacent blocks, dissipation at interface between support wall and soil, and 
dissipation at failure surfaces (Eq. (3)). 

∑ 𝑤𝑖𝑣𝑖𝑐𝑜𝑠𝜃𝑖 + 𝑞𝑣1𝑘1
𝑛
𝑖=1 ≤ ∑ 𝑆𝑢𝑙𝑖𝑣𝑖 + ∑ 𝑆𝑢𝑘𝑖𝑣𝑖,𝑖+1

𝑛−1
𝑖=1

𝑛
𝑖=1 + 𝜔𝑆𝑢𝑣1𝑙1          (3) 

Where q is upper load, Su is the undrained shear strength, wi is the weight of each 
block, ω is the reduction factor, ranges from 0 to 1, which is related with the stiffness of 
support system. 
    Eq. (3) was applied to homogeneous and isotropic soils. Generally, the soils are 
inhomogeneous and anisotropic due to the stress path, pre-consolidation pressure and 
other reasons. For inhomogeneous soils, it is assumed that the undrained shear 
strength increases with the depth (Ukritchon 2017, Cheng 2019), which can be 
expressed as follow:  

𝑆𝑢𝑣(𝑧) = 𝑆𝑢0 + 𝜆𝑧                             (4) 
Where 𝑆𝑢0 is the undrained shear strength at the ground surface, 𝜆 is the rate of 

shear strength increase with depth, for soft clay 𝜆 usually ranges from 1 to 2. 
  Based on the anisotropic strength theory was proposed by Casagrande et al. (Eq. 

(5)) (Casagrande 1944), it is assumed that undrained shear strength is related with the 
angle between the direction of major principal stress and vertical direction. And Ying et 
al. proposed a modified anisotropic strength theory based on the tests of hollow 
cylinder apparatus (Eq. (6)) (Chang 1999, Ying 2016). 

𝑆𝑢(𝜉)=𝑆𝑢ℎ[1 + (𝑘 − 1) cos2 𝜉 ]                        (5) 

𝑆𝑢(𝜉) = 𝑆𝑢𝑣 ∙ [
1+𝑘

2
+ (1 − 𝑘) cos (2𝜉 +

𝜋

3
)]                   (6) 

Where 𝜉  is the angle between the direction of major principal stress and vertical 
direction (the detail calculation of 𝜉 is showed in Fig. 2a and Fig. 2b), k is the factor of 

anisotropy (usually range from 0.5 to 1.33), which equals to 𝑆𝑢𝑣/𝑆𝑢ℎ. 𝑆𝑢𝑣 and 𝑆𝑢ℎ can 
be obtained from CK0UC test and CK0UE test, respectively. 
    By combining Eq. (5) and Eq. (6), the anisotropic and nonhomogeneous undrained 
shear strength of soil can be expressed as follow: 

𝑆𝑢(𝜉, 𝑧) = (𝑆𝑢0 + 𝜆0𝑧) ∙ [𝑆𝑢ℎ[1 + (𝑘 − 1) cos2 𝜉 ]]                  (7) 

𝑆𝑢(𝜉, 𝑧) = (𝑆𝑢0 + 𝜆0𝑧) ∙ [
1+𝑘

2
+ (1 − 𝑘) cos (2𝜉 +

𝜋

3
)]                (8) 

    Eq. (7) was based on the theory proposed by Casagrande (1944), and Eq. (8) was 
based on the theory proposed by Shen (2006). In this study, Eq. (8) was adopted to 
describe the behavior of anisotropic soil. 

      
Fig. 2 Calculation of 𝜉 (a) at the failure surfaces, (b) at the interfaces 



The 2020                 World Congress on 
Advances in Civil, Environmental, & Materials Research (ACEM20) 
25-28, August, 2020, GECE, Seoul, Korea

  

  As shown in Fig. 2, firstly, it is defined that the right of X axial is positive and the 
below of Y axial is positive. And the positive direction of failure surface is the same as 

the vector vi. 𝛼𝑖 is the angle between positive direction of failure surface of 𝑖𝑡ℎ block 

and positive direction of Y axial. 𝛽𝑖 is angle between positive direction of interface of 

𝑖𝑡ℎ block and positive direction of X axial. 𝜓 is the angle between failure surface and 
first principle stress plane (acute angle), based on Mohr-coulomb yielding criteria, 𝜓 =
45° − 𝜑′/2. 𝜉 is the angle between first principle stress plane and Y axial (acute angle). 
Following above definitions, 𝜉 can be obtained by Eq. (9) and Eq. (10) 

𝜉 = {
|𝛼𝑖 − 𝜓|, 𝛼𝑖 ≤

𝜋

2

𝜋 − 𝛼𝑖 + 𝜓,
𝜋

2
< 𝛼𝑖  ≤ 𝜋  

                        (9) 

𝜉 = {
|

𝜋

2
− 𝛽𝑖 − 𝜓| , 0 < 𝛽𝑖 ≤

𝜋

2

|𝜋 − 𝛽𝑖 + 𝜓|,
𝜋

2
< 𝛽𝑖 ≤ 𝜋

                         (10) 

Note: when 𝛼𝑖 or 𝛽𝑖 is obtuse angle, 𝜉 calculated by Eq. (9) and Eq. (10) may be 
obtuse angle, we should adopt its supplementary angle.  
    In this study, Eq. (8) was adopted to analysis the basal stability of braced 
excavation. For anisotropic and inhomogeneous soils, Eq. (3) is not suitable. In Fig. 3, 
an example, calculation of one block, was carried out to explain how to analysis basal 
stability of excavation in anisotropic and inhomogeneous soils by using multi-block 
upper bound method. 

 
Fig. 3 calculation of one block in multi soil layers 

    As shown in Fig. 3, it is a bock in two soil layers, we should calculate its dissipation 
power and external power in first layer and second layer, respectively. For example, the 
dissipation power at failure surface i-i+1 (Ei) can be calculated by Eq. (11): 

𝐸𝑖 = ∫ 𝑣𝑖 [
1+𝑘1

2
+ (1 − 𝑘1) cos (2𝜉𝑖 +

𝜋

3
)] ∙

𝑙𝑖
1

0
(𝑆𝑢1 + 𝜆1𝑙|cos 𝛼𝑖|)𝑑𝑙  

+ ∫ 𝑣𝑖
𝑙𝑖

2

0
[

1+𝑘2

2
+ (1 − 𝑘2) cos (2𝜉𝑖 +

𝜋

3
)] ∙ (𝑆𝑢2 + 𝜆2𝑙|cos 𝛼𝑖|)𝑑𝑙          (11) 

Where 𝑙𝑖
𝑗
 is the length of 𝑖𝑡ℎ  block in 𝑗𝑡ℎ  soil layer, 𝑆𝑢𝑗 , 𝜆𝑗 , 𝑘𝑗  is the factor of 

strength in 𝑗𝑡ℎ soil layer, the definition of 𝛼𝑖 is shown in Eq. (9). 
    Similarly, the dissipation at interface o-i+1 (Fi) can be calculated. Because the 
undrained shear strength linearly increases with depth, the integral in Eq. (11) can be 
simplified by calculating the undrained shear strength at midpoint: 

𝐸𝑖 = 𝑣𝑖 ∙ 𝑆𝑢 (𝜉𝑖 ,
𝑙𝑖

1

2
) ∙ 𝑙𝑖

1 + 𝑣𝑖 ∙ 𝑆𝑢 (𝜉𝑖 ,
𝑙𝑖

2

2
) ∙ 𝑙𝑖

2                   (12) 

    By combining Eq. (3), Eq. (8) ~ Eq. (12), the total dissipation power (Ed) can be 
calculated by Eq. (13): 
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𝐸𝑑 = ∑ ∑ 𝑙𝑖
𝑗

∙ 𝑣𝑖 ∙ 𝑆𝑢 (𝜉𝑖 ,
𝑙𝑖

𝑗

2
)𝑚

𝑗=1 +𝑛
𝑖=1 ∑ ∑ 𝑘𝑖

𝑗
∙ 𝑣𝑖,𝑖+1 ∙ 𝑆𝑢 (𝜉𝑖 ,

𝑘𝑖
𝑗

2
)𝑚

𝑗=1 + 𝜔 ∙ ∑ 𝑙1
𝑗

∙ 𝑆𝑢𝑣 (
𝑙1

𝑗

2
)𝑚

𝑗=1
𝑛−1
𝑖=1 (13) 

    From Eq. (13), Ed includes three parts (dissipation at failure surfaces, dissipation at 
interfaces between adjacent blocks and dissipation at interface between wall and soils). 
For the third part, only influence of depth on strength is considered. 
    The total external power (Ee) can be calculated by Eq. (14): 

𝐸𝑒 = ∑ 𝑤𝑖𝑣𝑖 cos 𝜃𝑖
𝑛
𝑖=1 + 𝑞𝑣1𝑘1                     (14) 

    In order to satisfy kinematically admissible failure mechanism, the dissipation 
power should large than external power. Therefore, the safety factor can be defined as 
follow: 

𝐹𝑠 = 𝐸𝑑 𝐸𝑒⁄                               (15) 
The safety factor in Eq. (15) and the safety factor in SSR-FEM has a same 

meaning, which means the margin of shear strength. 
 

3. Progressive search algorithm 
 
    In traditional LEM and upper bound method, the failure surfaces are obtained from 
the assumption. In general, the ratio of excavation width and depth, the friction angle 
and the coefficient of anisotropy have a great influence on failure surfaces. Progressive 
search method was proposed by Greco (1996) and Otha (1985), firstly applied to 
stability analysis of slopes (Malkawi 2001a, 2001b). And Qin et al. adopted it to stability 
analysis of soil foundations (Qin 2010b). In this paper, progressive search algorithm is 
adopted to evaluate failure surfaces instead of assuming failure surfaces. Progressive 
search algorithm includes two parts: firstly, randomly generating initial failures surfaces; 
secondly, updating failure surfaces by iteration, gradually obtaining critical failure 
surfaces. 
    Compared with algorithm proposed by Greco, the algorithm in this paper have two 
innovations: firstly, adopting new equations to generate initial failure surfaces; secondly, 
assuming the failure surfaces will not cross support systems (because the support 
system is assumed rigid) and hard soil layer. 
 
    3.1 Generation of initial failure surfaces 
    The initial failure surfaces include seven points. According to the suggestions of 
Greco (1996) and Qin (2010b), in order to improve efficiency of calculation, the failure 
surfaces should concave up. The concave initial failure surfaces can be obtained by 
followings: 

{
𝑥1 = (0.5 + 0.5𝑅1) ∙ 𝐵

𝑦1 = 0
                     (16) 

{
𝑥2 = 𝑥1

𝑦2 = 𝐻 + 𝐷                           (17) 

{
𝑥4 = 0

𝑦4 = 𝐻 + 𝐷 + 𝑥1
                         (18) 

{
𝑥3 =

𝑥2

2

𝑦3 = (
𝑦2+𝑦4

2
+ 𝑅2 ∙

𝑦4−𝑦2

4
)
                        (19) 
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{
𝑥6 = −𝑥1

𝑦6 = 𝐻 + 𝐷                             (20) 

{
𝑥5 =

𝑥6

2

𝑦5 =
𝑦4+𝑦6

2
+ 𝑅3 ∙

|𝑦4−𝑦6|

4

                         (21) 

{
𝑥7 = 𝑥6 − (𝑥7 − 𝑥6) ∙ |tan(𝛼7)|

𝑦7 = 𝐻
                      (22) 

Notes: when 𝑦5 > 𝑇, should set 𝑦5 = 𝑇, because the failure surfaces should not cross 

hard layer. Similarly, when 𝑥7 < −𝐵, should set 𝑥7 = −𝐵, because the failure surfaces 
should not cross support wall on the other side. 
Where R1, R2, R3 is random number, range from 0 to 1; xi, yi is the coordinate of each 
point; B, H, D are the same as Table 1. 
  From Eq. (16) to Eq. (22), initial failure surfaces can be obtained. Generally, if only 
one initial surface is applied to evaluate critical failure surface, a local optimal result 
may be obtained. Therefore, more initial surfaces are needed to evaluate critical failure 
surfaces. 
 
    3.2 Flowchart of algorithm 

After generating initial surfaces, next step is iteration, which is also called process 
of surfaces search. Search algorithm is shown in Fig. 4. 

 
Fig. 4 Flowchart of progressive search method 

    As shown in Fig. 4, search process includes two parts: search of each point and 
search of total surfaces. In first parts, each point has eight search directions, some 
points at boundary have two directions. Eight directions are north, south, east, west and 
other four directions of diagonals. After all points completed once search, as long as 
one direction searches successfully (the safety factor after searching is smaller than 
safety factor before searching), other direction automatically stops search, at the same 
time, the coordinate of point will be updated. If search of eight directions are failed, the 
length of search will decrease to half. After all points complete search, second part is 
search of surfaces. The update of coordinate obeyed followings: 
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[
𝑥𝑖

𝑦𝑖
]

𝑘+1

= [
𝑥𝑖

𝑦𝑖
]

𝑘

+ 𝑵𝜇𝑖
𝑘   𝑖 = 1,2 ⋯ 𝑛                    (23) 

[
𝑥𝑖

𝑦𝑖
]

𝑒

= 2 [
𝑥𝑖

𝑦𝑖
]

𝑘+1

− [
𝑥𝑖

𝑦𝑖
]

𝑘

  𝑖 = 1,2 ⋯ 𝑛                    (24) 

Where 𝑥𝑖
𝑘 , 𝑦𝑖

𝑘 are the coordinate of 𝑖𝑡ℎ point after k times search, N are the vector 

controlling search direction, 𝜇𝑖
𝑘  is the length of search of each point after k times 

search, 𝑥𝑖
𝑒 , 𝑦𝑖

𝑒 are the coordinate of 𝑖𝑡ℎ point during second part. 

    Eq. (23) was applied to first part and Eq. (24) was applied to second part. In Eq. 
(23), N have 9 kinds of value, which presents 9 kinds of search direction. 9 kinds of 
value are (0,0)T, (1,0)T, (0,1)T, (-1,0)T, (0,-1)T, (1,1)T, (1,-1)T, (-1,1)T, (-1,-1)T, 
respectively. Besides (0,0)T, other 8 groups of vector represent 8 kinds of search 
direction, respectively. Via Eq. (23) and Eq. (24), the integrated search was completed. 
    Similarly, only the safety factor after searching is smaller than the safety factor 
before searching, the coordinate would be updated. 
    Fig. 4 shows an integrated search process of seven-point surfaces. Because 
number of points at surfaces have a great influence on the accuracy of iteration, more 
points are needed. New points can be generated by insert midpoint in adjacent points.  

 
    3.3 Effect of algorithm application to search failure surfaces 
    In order to verify the accuracy of algorithm, an example was carried out. The 
values of parameters are shown in Table 2. 

Table 2 The values of parameters 

Symbol Description Values 

𝐵 𝑚⁄  Width of excavation 20 

𝐻 𝑚⁄  Depth of excavation 10 

𝐷 𝑚⁄  Length of support wall below the finial excavation surface 5 

𝛾 𝑘𝑁 ∙ 𝑚−3⁄  Unit weight of soil 19 

𝑆𝑢 𝑘𝑃𝑎⁄  Undrained shear strength 35+2z 

𝑞 𝑘𝑃𝑎⁄  Upper loading 15 

𝜑′ Effective friction angle 30° 

𝜔 Reduction factor 1 

Notes: z is the depth of soils. 
 
    Firstly, Eq. (16) ~ Eq. (22) was adopted to generate 50 initial surfaces. The initial 
surfaces were shown in Fig. 5a. The initial length of search was B/1000, and four 
phrases of search were adopted to evaluate the critical surfaces. The four phrases are 
7 points, 11 points, 19 points, 35 points. The iterations of safety factors are shown in 
Fig. 5b and the failure surfaces of each phrase are shown in Fig. 5c. 
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Fig. 5 initial surfaces (a), optimizations of failure surfaces (b) determination of safety 

factor (c) 
    From Fig. 5b, it is obvious that the safety factor gradually convergences with the 
number of searches increasing. If there are mistakes in iterations, this figure will show 
an abnormal fluctuation. Therefore, it is convenient to verify the accuracy of iteration by 
checking Fig. 5b. As shown in Fig. 5c, the number of searches of each phrase is 80, 80, 
60, 50, respectively. And the safety factor of each phrase is 2.777, 2.699, 2.681, 2.676, 
respectively. Especially for third phrase and fourth phrase, the failure surfaces almost 
coincide and the difference of safety factor is only 0.005. In a word, for general basal 
stability analysis of braced excavation, it is suggested that adopting three phrases to 
search failure surfaces, and the number of searches of each phrase is 80, 80, 60. 
 
    3.4 Comparison with the strength reduction in FEM method 
    In this section, the example in 3.3 would be adopted again to carry out a compared 
analysis between two methods. PLAXIS 2D includes the functions that adopting SSR-
FEM to calculated the safety factors and assuming shear strength linearly increasing 
with depth. Therefore, we can make a comparison of safety factors calculated by multi-
block method and SSR-FEM. Because of the assumption that the support system is 
rigid, the corresponding model in the FEM should satisfy assumption. The meaning of 
rigid support systems includes two parts: firstly, the elastic limit of support systems is 
infinity; secondly, the support systems have enough rigidity so that the deformations 
can be ignored. In addition to the parameters in table 2, it is necessary to provide other 
key parameters for structure and soil in FEM model. Based on the previous study 
(Cheng 2019), the elastic model was adopted to simulate structure elements. The 
compressive stiffness (EA) of horizontal struts was 2.08 × 104 𝑘𝑁 ∙ 𝑚, and the two 
horizontal struts were set at -4m and -8m, respectively. The compressive stiffness (EA) 

and bending stiffness (EI) of support wall were 2.52 × 107 𝑘𝑁/𝑚 and 3.64 × 106 𝑘𝑁 ∙
𝑚2/𝑚 (stiffness of per unit height), respectively. For soft clay, the elastic modulus 
adopted general empirical formula (𝐸𝑢 = 250𝑆𝑢 = 8750 𝑘𝑃𝑎), the Poisson’s ratio was 
0.3. The calculation results were shown in Fig. 6. 
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Fig. 6 the failure surfaces calculated by SSR-FEM and multi- block method. 

    In Fig. 6, the red curve was the failure surface calculated by multi-block method 
and the background figure is the incremental displacement cloud chart calculated by 
PLXIS 2D. Two failure surfaces almost coincide. And the safety factor of SSR-FEM is 
2.862, the safety factor of multi-block method is 2.677. The relative error is 0.185 
(about 6.9%). It is verified that the multi-block method is successfully applied to analyze 
the basal stability of braced excavation. 
 
4. Case study 
 
    The excavation in Hangzhou is rectangle (190m×200m). The failure of support 
systems only occurs at the east wall in the mid of total project (Ying 2016). Therefore, 
the spatial effect of excavation can be ignored, and it can be analyzed as a plane strain 
problem. The soil above -30m is soft clay, and the soil below -30m is hard clay. Based 
on the assumption that failure surfaces would not cross hard layer, the search 
boundary in vertical direction was set -30m. The detail introduction is shown in Fig. 8. 
From Eq. (4), Eq. (6) and Eq. (8), it is ensured that 𝑆𝑢(𝜉, 𝑧) = (1.0488𝑧 + 14.89) ∙
[0.755 + 0.49 cos(2𝜉 + 𝜋 3⁄ )] 
    It is worth noting that the support system is bored piles rather than diaphragm wall. 
Although the length of piles is 10.35 m longer than excavation depth, the toe of piles is 
not in hard layer. According to the report of accident, the cement mixing plies occurred 
serious deflections so that the excavation occurred basal heave failure. However, in the 
section 2.2, we assume that the support systems are rigid. In order to decrease the 
error between ideal model and project, the reduce factor 𝜔 is adopted. In this case, 
there are three results of calculation with 𝜔 = 0, 0.5, 1, respectively. The detail results 
are shown in Table 3. 

Upper bound method 
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Fig. 8 The background of excavation in Hangzhou 

Table 3 Calculation results of basal stability analysis for excavation in Hangzhou 

Values of 𝜔 

Safety factor (FS) 

Calculation as isotropic soil  
(𝑘 = 1) 

Calculation considering 
anisotropic soil (𝑘 = 0.5) 

Results of Ying 
et al. (2016) 

Results in this 
paper 

Results of Ying 
et al. (2016) 

Results in this 
paper 

1 1.98 1.89 0.9 1.01 
0.5 1.92 1.85 0.86 0.95 
0 1.78 1.74 0.82 0.86 

 
    As shown in Table 3, the differences between considering anisotropy and isotropy 
are dramatic. The safety factor considering anisotropy is much lower than considering 
isotropy. In order to ensure the safety of engineering, it is necessary to consider 
anisotropy of soil. Besides, the influence of 𝜔 on safety factor is important, too. The 
reason is that the assumption that support systems are rigid is not always suitable for 
engineering, especially excavations which adopt cement mixing piles or bored piles to 
support and excavations in soft soil without an enough length of support wall. Actually, 
it is the serious deformations of support wall that lead to the basal heave failure. 
Therefore, in most cases, if this upper bound method is used to analysis the basal 
stability of excavations, the values of ω should be smaller than 1. 
 
5. Conclusion 
    Based on the analysis, parameter studies and case studies, this paper applied the 
multi-block upper bound method to basal heave stability of braced excavations in 
anisotropic soft soils. Besides, the progressive search algorithm was adopted to 
improve the accuracy of calculating safety factor. Compared with traditional upper 
bound method, multi-block upper bound method only needed initial failure surfaces 
rather than detailed surfaces. And multi-block upper bound method could consider the 
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influence of parameters (factor of anisotropy, friction angle, depth-width ratio of 
excavation, length of support wall) on failure surfaces. The following conclusions can 
be drawn on the basis of the work presented herein:  
(1) The number of failure surfaces ranges from 40 to 50, the initial length of search can 
be B/1000. For excavation whose size ranges from 20 to 40m, three phrases of search 
are suitable, four phrases will take more cost of calculations. 
(2) In practical engineering, the factor of anisotropy plays a main role in basal heave 
stability of braced excavation. And for support wall consisting of cement mixing piles or 
bored piles, especially the toe of support wall above hard soil layer, the reduction factor 
should be lower than 0.5. 
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