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ABSTRACT
An algorithm using Hamiltonian paths and strand grids is utilized to enable lineimplicit approaches and stencil based discretization on purely unstructured grids. This
method is applied to both two and three-dimensional flows and the solution accuracy
along with the computational efficiency is validated against structured based solver. For
the surface mesh, Hamiltonian paths were constructed after quadrilateral sub-division
of an unstructured triangular mesh. In particular, for two-dimensional viscous flows, a
hybrid mesh system is introduced and this mesh system facilitates the solution to
accurately and efficiently capture the effects of the boundary layer. For extension to
three-dimensions, strand grids emanating from the surface Hamiltonian mesh is utilized
to provide structure in the wall normal direction. Canonical inviscid, laminar and
turbulent flow results are validated against available experimental results and
compared with results from a solver based on structured grid principles.
1. INTRODUCTION
Computational fluid dynamics (CFD) are routinely used in aerospace applications to
solve for the flow field around complex geometries such as an aircraft/helicopter or
wind turbines. As a consequence of rising demands and challenges, CFD technology
has evolved over the past several decades to enable accurate and efficient solvers
coupled with techniques also geared towards the ability to generate grids around these
complex systems. Broadly classified, CFD has two distinct classifications primarily
based on the grid systems: structured and unstructured mesh systems, each with its
unique pros and cons. On one hand, structured grids and their solvers inherently allow
for high-order spatially accurate solutions and the ability to clearly define numerical
stencils that result in a fast convergence rate of the solvers. Especially when solved
using implicit methods, efficient routines are made possible using approximate
factorization and line-implicit methods. However, the generation of grids around
complex geometries can require substantial effort (overset/multi-block/chimera
1)

Graduate Research Assistant
Research Associate
3)
Professor
2)

techniques) making structured meshes less attractive for intricate complex designs. On
the other hand, unstructured grid techniques enable the discretization of complex
geometries into the elementary cells with minimal effort, and allow for relatively easy
implementation of adaptive mesh techniques. However, traditional unstructured grid
solvers are limited in their convergence and spatial accuracy of the solution (typically
second-order) primarily because of the difficulty in identifying “line-structures” in a
purely unstructured grid. As a consequence, unstructured solvers incur a higher
computational cost (3 to 10 times slower than their structured counterparts) while
limiting the accuracy of the solutions obtained. Despite these shortcomings,
unstructured grids and associated solvers are widely used for practical geometries
because of efficient mesh generation tools.
There has been limited work in trying to obtain high-order numerical formulations on
the unstructured grid in a robust fashion. A few studies have been conducted to take
advantage of stencil-based discretization and factorization on unstructured grids using
so-called “linelets”. Martin (1992) and Hassan (1989) attempted to accelerate
unstructured grid algorithms using pseudo lines in an unstructured grid. It was shown
that approximations could be made to certain line-implicit methods to facilitate solution
convergence and reduce the memory requirements on a single processor. However,
these benefits were not realized when used in conjunction with multiple processors.
Most of these solution algorithms showed limited success because of the difficulties in
identifying lines in pure unstructured grids. However, some of the ideas generated in
these works have been utilized in the present study.
The idea of strand grids in the wall normal direction have been explored in previous
works (Meakin 2007, Wissink 2009 and Katz 2011). Strand grids can provide structure
in the wall normal direction allowing for line-implicit methods to be utilized along this
direction. Recently, Sitaraman (2014) used Hamiltonian paths as a new approach to
find the linelets on a purely unstructured two-dimensional triangular mesh. The main
idea is that each triangle is divided in to three quadrilaterals and two distinct
Hamiltonian paths pass through the centroid of each quadrilateral. These Hamiltonian
paths form a unique set of lines that serve as the surface linelets. However, these
results were limited to two-dimensions and limited to solving on a single processor.
Govindarajan (2015) extended the algorithm to a three-dimensional domain using
strand grids and demonstrated three-dimensional inviscid and laminar results across
multiple processors. The solver showed promising results with a high-order of accuracy
and a fast convergence rate compared to structured solvers.
The present work builds upon the previous work of Govindarajan (2015) using the
idea of Hamiltonian path and strand grids on a purely unstructured grid. The primary
goal of this study is to extend the formulation to viscous flows. Representative twodimensional and three-dimensional solutions are discussed, especially for laminar and
turbulent flows. A turbulent flow model was added to the Hamiltonian solver, then the
flow results were validated using the results obtained from a structured solver.
2. METHODOLOGY
2.1 Quadrilateral Subdivision and Hamiltonian Paths
Figure 1(a) shows the procedure of constructing Hamiltonian paths on an initial

triangular unstructured grid. Each triangle is divided into three quadrilaterals elements
and each of these quadrilaterals can be further refined into multiple quadrilaterals.
Each quadrilateral is subdivided in to 4 additional quadrilateral, resulting in 12
quadrilaterals per triangle. Two distinct Hamiltonian paths are constructed by
connecting the midpoint of the quadrilateral edges, as shown in Fig. 1(a). After this
procedure is repeated for all triangles, each face is part of only one distinct loop, and
each cell centroid is intersected by two distinct loops. The Hamiltonian paths are
centered around a unique vertex of the original triangular mesh and neighbor
quadrilateral cell information can be obtained along the loops. The formed Hamiltonian
loops are either closed at interior cells or are open at the boundaries. For line-implicit
solution and stencil-based discretization, these structures (i.e., Hamiltonian paths) are
analogous to the traditional lines in a structured grid solver. Figures. 1(b) and 1(c)
shows the procedure of subdivision and construction of Hamiltonian loops when
applied to an unstructured grid around a NACA 0012 airfoil.

(a) Sub-division
(b) Unstructured grid
(c) Hamiltonian paths
methodology
around the airfoil
overlaid with grid
Figure 1: Schematic showing quadrilateral sub-division and construction of
Hamiltonian path for two-dimension
2.2 Hybrid Mesh System
For viscous flows, a hybrid mesh system is utilized to resolve the flow features near
the body surface and to allow the boundary layer to be accurately captured. As shown
in Fig. 2(a), the inner structured mesh was generated using a standard hyperbolic grid
marching technique until a desired distance from the surface. The outer nodes of the
structured mesh were used as the boundary nodes for the outer unstructured triangular
mesh. With both the inner and outer meshes constructed, quadrilaterals are formed
through the subdivision procedure (see Fig. 1(a)) followed by the construction of the
Hamiltonian loops through the quadrilateral cells in the hybrid mesh, as shown in Fig.
2(b). Note that for the triangular nodes on the edge of the inner structured mesh, the
Hamiltonian loops formed traverse through the quadrilateral cells in the unstructured
domain and continue through the structured domain forming curvilinear lines until the
loops reach the surface. Therefore, there is no additional modification required in the
flow solver as the hybrid mesh has now been effectively defined as a collection of
Hamiltonian loops, both open and closed.

(a) Quadrilateral cells
(b) Hamiltonian loops
Figure 2: Hybrid mesh system around the NACA 0012 airfoil
2.3 Mesh Smoothing
Ideal Hamiltonian loops have a high radius of curvature and the cell sizes are equal
or gradually change from one cell to the next along a given loop. An approach for
increasing the radius of curvature is to use less number of initial triangular cells with
multiple number of quadrilateral subdivisions to maintain the total number of
quadrilateral cells. After one additional level of subdivision, the resulting meshes have
four times the number of quadrilateral cells with twice the number of Hamiltonian loops;
each loops become twice longer. As the number of additional subdivisions increase, it
is necessary to reposition the internal nodes for the ideal Hamiltonian loops. A naive
implementation for the placement of the internal nodes uses Laplacian smoothing that
is based on the average of the position of the connecting nodes with repeated process
until the positions do not change between subsequent iterations.
Figure 3(a) shows the internal nodes and quadrilateral cells within a single triangular
cell after applying the Laplacian smoothing technique for the mesh. Note that after two
additional subdivisions, there is a total of 48 quadrilaterals cells within the triangle. As
shown in Fig. 3(a), the Laplacian smoothing results in wide variation of the quadrilateral
cell size: the cells getting smaller towards center and larger at corners. Therefore,
strategies were investigated to mitigate the disproportionate cell sizes between
subdivided quadrilateral cells. As shown in Fig. 3(b), the blended technique was
introduced to obtain meshes with cells of more nearly equal area through careful
placement of the interior nodes within the triangles. The resulting blended mesh
produced a distribution that is more appealing and the quadrilateral cell size are more
uniform than the results obtained from Laplacian smoothing.

(a) Laplacian smoothing

(b) Blended smoothing

Figure 3: Distribution of cells within a triangle using smoothing techniques

2.4 Strand Grids
Strand grids were employed to extend the formulation to three-dimensions in the
present work. The role of the strand grids is to provide a structure in the wall normal
direction, thus, allowing for line-implicit methods to be used along the strand grids. The
strand template is defined as a wall normal direction vector (originating at each node on
the surface mesh) and a one-dimensional grid point distribution along the strand. Note
that the connectivity of the Hamiltonian paths are preserved along the strand grid, and
therefore, efficient solution algorithms are possible and storage requirement are
minimal as the structured data is maintained in the wall normal direction. Furthermore,
the strand grid method is readily amenable to parallelization techniques.
For a given surface geometry, Hamiltonian loops are constructed on the surface
geometry representing two “in-plane” spatial directions and the strands represent the
third “out-of-plane” spatial direction. Figure 4(a) shows a schematic of constructing a
strand grid from multiple layers of Hamiltonian surface loops. The strands emanate
from the cells on the surface of the body and extrude in the wall-normal direction.
These strands pass through each layer of the Hamiltonian paths, and therefore each
cell has three local cell coordinate directions. During the solution procedure, the
strands are treated as Hamiltonian loops, requiring no modification of the solver. Figure
4(b) shows strand grids emanating from a triangle surface cell. Each strand grid is
based on a strand template where the mesh spacing on each strand grid is identical
and each strand is uniquely defined by the root position and normal direction.

(a) Construction of strands
(b) Strand template
Figure 4: Creation of strand layers from multiple layers of Hamiltonian loops
2.5. Governing Equations
In the present work, the governing equations are the unsteady three-dimensional
compressible Navier–Stokes equation, which can be expressed as
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)(
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where is a vector of conservative variables [
are density, velocity components, pressure and total energy, respectively.
are
the vector of convective fluxes and
are the vector of viscous fluxes along the
three coordinate directions. A first-order backward discretization is used for implicit
formulation. A finite volume method yields the discrete form of the governing equation
(shown in Eq. 2) with the solution data collocated at the cell centers. ̂ is the numerical
flux at each face and is
the area vector normal to that face.

̂(
∑
)
(2)
Linearizing the right hand side of equation yields the system of algebraic equation
(shown in Eq. 3) that needs to be inverted at each cycle to evolve the solution in time.
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*
+
(3)
Note that ( ) refers to as the solution residual.
The objective of this study is to use Hamiltonian loops and strand grids to calculate
the numerical flux as shown in Eq. (1) and the solution residual in Eq. (2). A typical
unstructured grid solver can result in second-order accuracy in space using gradients
at cell centers, which can be obtained using Green-Gauss or Least Square approach
(Mavriplis 1997). However, on structured grids, the left and right states of each face (
and
) can be obtained using high-order reconstruction schemes along these
Hamiltonian paths to increase the spatial order of accuracy. In this study,
and
are
obtained using either third-order MUSCL, fifth-order WENO (Henrick 2005) and
CRWENO (Ghosh 2012) methods. At each face, the inviscid fluxes were calculated
using Roe‟s scheme (Roe 1981); the viscous flux were calculated using velocity
gradient obtained from second-order central difference discretization.
2.6 Viscous Flux Calculation
Figure 5 shows a schematic of the contribution of the cells towards the stream wise
and cross-term evaluation of velocity gradients for the viscous flux terms. Equation (4)
explains the procedure for calculating the velocity gradients at each face between two
cells using finite-differences; where is x-direction velocity (u) or y-direction velocity (v)
and
are the spatial directions in two-dimensions. The node values
are found
by averaging the values at cell centers, as shown in Fig. 5(a). Then, the velocity
gradients at the face between two cells (denoted by „0‟ and „1‟) are computed as shown
in Eq. (4). This procedure is performed for all faces along the Hamiltonian loops. For
the boundary condition, is also stored at boundary face centroids, and the boundary
diffusion flux can be linearized in the same manner as at an interior face.
(4)

(a) Averaging values at node points
(b) Velocity gradient at faces
Figure 5: Numerical method for calculating velocity derivatives at the face

2.7 Turbulence Model
To consider the effects of turbulence, the Baldwin-Lomax algebraic eddy viscosity
turbulence model (Baldwin 1978) and the Spalart–Allmaras one-equation turbulence
model (Spalart 1992) were considered. The Baldwin-Lomax model is based on
Prandtl‟s mixing length hypothesis, which evaluated the eddy viscosity ( ) based on
formulations for the inner and outer region of the boundary layer. The Prandtl-Van
Driest formulation is used in the inner region and the Clauser formulation is used for the
outer region. It is known that the Baldwin-Lomax turbulence model performs well for
attached flows along the wall. The Spalart–Allmaras (SA) turbulence model employs a
transport equation for the eddy viscosity variable ̃, and can be readily implemented on
structured grids or on unstructured grids. The SA model traditionally is used for a wide
range of turbulent flows and offers the advantage of good convergence characteristics
of the flow solution.
Traditionally in unstructured meshes, because of the practical difficulties in identifying
wall-normal structures required for the turbulence modeling, a local background
structured mesh is used (Mavriplis 1991), which significantly increases the computation
cost and complexity. However in the present work, the use of a hybrid mesh in twodimensions (see Fig. 2) or strand grids in three-dimensions enables the implementation
of the turbulence model without any need for additional grid systems. It should be noted
that sufficient care was taken in the generation of the hybrid mesh, such that the outer
unstructured mesh is located sufficiently far away from the surface of the body, so that
it always operates under the influence of the outer turbulence model.
2.8 Implicit Operator
The implicit operator is constructed using the first-order linearization of the right
hand side of Eq. (2), and therefore, entails contributions only from its nearest
neighboring cells. The implicit operator can be written as
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) and similar procedures were used for the other two spatial

. The terms such as
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are first order linearization of

summation of inviscid and viscous flux with respect to the left and right states.
2.9 Approximate Factorization of Implicit Operator
In the present study, three kind of approximate factorization methods were used;
Alternating direction implicit method (ADI), diagonally dominant ADI (DDADI), and

diagonally dominant line Gauss Seidel (DDLGS). Along each Hamiltonian loop, the
implicit inversion results in well-organized structures of block tri-diagonal matrices for
open loops and periodic block tri-diagonal for closed Hamiltonian loops. These block tridiagonal matrices are inverted using the classical Thomas algorithm (Conte 1972) For
the ADI scheme, the implicit operator in Eq. (5) is factorized in the coordinate directions
given by the Hamiltonian loops and strand grids with the factorized system being
expressed as
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In case of DDADI, the factorization is performed after discretization and the
factorized system can be expressed as
(
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In case of the DDLGS scheme, the factorization is not performed and a GaussSeidel is performed on a line bases. Implicit inversion is performed for each line and
the changes in the conservative variables ( ) are updated to right-hand-side of
subsequent lines as soon as a new update is available,
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The values with the asterisk (*) indicate intermediate values obtained using the
Gauss-Seidel sweep. To eliminate the sweep bias, symmetry is obtained by sweeping
once in a prescribed direction through the Hamiltonian loops and then sweeping again
in the reverse direction thought the Hamiltonian loops.
2.10 Domain Decomposition
In order to reduce the large computational time, a parallel algorithm based on a
domain decomposition strategy was adopted. The load balancing between processor
was achieved by partitioning the global computational domain into local subdomains
using METIS (Karypis 1999). Message Passing Interface (MPI) was used to transfer
the flow variables across the subdomain boundary. At each of these subdomain
boundaries, a series of ghost cells were created to preserve the spatial order of
accuracy. Figure 6 explains the process of decomposition for two-dimensional grid.
First, the initial unstructured grid was partitioned using METIS. Then, the partitioned
triangle cells are divided into quadrilateral cells and the Hamiltonian loops are
constructed for each partitioned domain. For three-dimensional grid, the twodimensional surface mesh was divided first as same as previous two-dimensional case,

and then the strands were created subsequently within each subdomains. This
procedure of subdivision and generation of the loops keeps the strand structure intact.

Figure 6: Domain decomposition of the NACA 0012 airfoil grid and
associated Hamiltonian loops
3. RESULTS AND DISCUSSION
3.1 Inviscid Transonic Flow Over NACA0012 Airfoil
Inviscid transonic flow past a NACA0012 airfoil case was computed using various
reconstruction schemes at M=0.8 and
. The airfoil was of unit chord
dimension and the far-field boundary was 50 chords away. The original unstructured
grid has 1,732 triangles, which following one quadrilateral subdivision yields a total of
20,784 quadrilateral cells. Blended mesh smoothing technique was used to increase
the mesh quality. Figure 7 shows the Mach number contours plot using the first-order,
third-order MUSCL, fifth-order WENO schemes, respectively.
Figure 8 shows the surface pressure coefficient curve using the different
reconstruction scheme, and the results were compared with the results obtained
structured solver, TURNS-2D (Srinivasan 1993) where a third-order reconstruction
scheme used. It was further observed that clear Mach number contour boundaries
were captured at the stagnation points and shock discontinuities without non-physical
wiggles when higher order accurate schemes were used, as shown in Fig. 7.
Furthermore, the overall surface pressure distributions obtained from Hamiltonian
solver shows good agreement with TURNS-2D results, and both solvers capture the
lower surface shock accurately using a third-order (or higher-order) scheme.
Figure 9 shows the convergence history of residual for this transonic case using the
Hamiltonian methodology with different implicit methods. As a reconstruction scheme,
third-order MUSCL scheme was used. The obtained results were compared against
those obtained from the structured solver TURNS. DDLGS method shows the best
performance with CFL of 30 in this case, and converged in 3,000 iterations. When it
was compared with results obtained from structured solver, the convergence rate per
number of iteration is much faster than structured solver, as shown in Fig. 9(b). The
Hamiltonian path solver is not yet optimized for computational wall-clock efficiency, and

therefore comparing the computational time against a structured solver is beyond the
scope of the present work.

Figure 7: Mach number contour around NACA0012 airfoil obtained using
various reconstruction schemes on unstructured grid

Figure 8: Pressure coefficient along the airfoil and comparison with
corresponding computation from structured solver (TURNS)

(a) Convergence characteristics of
(b) Convergence characteristics of
different implicit schemes
Hamiltonian path and TURNS
Figure 9: Comparison of convergence history of residual
3.2 Laminar Flow Over Semi-Infinite Flat Plate
Laminar flow at Reynolds number of 100,000 over a flat plate was calculated using
a hybrid mesh system at the freestream Mach number of 0.2. Figure 10 shows the
hybrid mesh system for the flat plate and a zoomed mesh near the clustered region is
also shown with the Hamiltonian paths highlighted in different colors. The first layer
spacing of the inner stretched mesh was
. For the laminar flow calculation, the
symmetric wall boundary condition was enforced at the bottom surface with negative x
coordinates, and the no slip wall boundary condition was applied at the bottom surface
with positive x values, as shown in Fig. 10. At the exit boundary, the outflow boundary
condition was imposed. Figure 11 shows the non-dimensional stream wise velocity
and cross-stream velocity
⁄√ ⁄

⁄√

⁄

with similarity parameter

. Against the theoretical Blasius boundary layer, the present results show

good agreement and self-similarity in both the stream-wise and cross-stream velocity at
any position along the wall.

Figure 10: Details of hybrid flat plate mesh system with Hamiltonian path and
boundary conditions

(a) Stream wise velocity profile
(b) Cross stream velocity profile
Figure 11: Comparison of velocity profiles with Blasius solution
3.3 Turbulent Flow Over Semi-Infinite Flat Plate
For turbulent flow validation, zero pressure gradient flat plate verification case was
performed using a Cartesian mesh system and the Hamiltonian solver at the Reynolds
number of 5,000,000. The first layer spacing in boundary layer was
. The
Spalart–Allmaras one-equation turbulence model was used to calculate eddy viscosity
for this case. The boundary condition imposed was the same as the previous laminar
flow case over the flat plate; see Fig. 10. The predicted results from the Hamiltonian
solver were compared against the analytical solution for law of the wall (Allmaras 2012)
and the reference results (Langley research center) at two x-positions, x=0.97 and
x=1.90 from the leading edge, as shown in Fig. 12. The present solution (in terms of
inner variables

̅⁄

and

⁄ , where

( )

) show very good

agreement with both the analytical solution and the reference result.

Figure 12: Velocity profiles over a flat plate using inner law variables

and

3.4 Turbulent Flow Over NACA 0012 Airfoil
Turbulent flow for NACA0012 airfoil case was considered using hybrid mesh system
at a freestream Mach number of 0.15, Reynolds number of 6,000,000 and three angles
of attack (zero degree, 10 degrees and 15 degrees). In the present study, the results
were obtained using both Baldwin–Lomax algebraic and Spalart–Allmaras oneequation turbulence models, and were compared against those provided by the NASA
turbulence resource (Langley research center). For present calculations, the first layer
spacing at the wall for turbulent flows was
. Figure 13 shows the skin friction
coefficient and pressure coefficient distribution at the upper and lower surface of airfoil.
For the skin friction comparison, the reference results could be obtained and compared
at only upper surface of the airfoil. As shown in Fig. 13, the present results show very
good agreement with reference results at the all angle of attack flow conditions.

(a) 0° angle of attack

(b) 10° angle of attack

(c) 15° angle of attack
Figure 13: Comparison of pressure coefficient and skin friction coefficient for
turbulent flow
3.5 Laminar Flow Over Sphere
Laminar flow over sphere was computed for freestream Reynolds number ranging
from 50–200 using the Hamiltonian/Strand solver. For the viscous flow solutions, the
initial wall spacing was 1% of sphere radius and 40 strand layers are used, resulting in
599,040 cells in the volume domain. In this case, third order MUSCL scheme is used
for the reconstruction. The flow results are compared to the results from a structured
solver.
Figure 14 shows the streamline around the sphere at each flow condition with
different Reynolds number. The subfigures on the left show the results obtained from
Johnson (1999) and the right subfigures show the present results obtained using the
Hamiltonian/Strand solver. The flow direction is from left to right. The flow was seen to
separate from the surface of the sphere and rejoin on the axis of the flow to form a
closed separation bubble and toroidal vortex. It was also observed that the size of the
wake region behind the sphere increased as the Reynolds number increases for all
flow conditions tested. With increasing Reynolds number, the separation location, the
vortex core position and the separation bubble length change as similar as the
reference results. Furthermore, it can be shown that the axial symmetry streamline is
maintained up to flow condition at 200 of Reynolds number using both solvers. It should
be noted that the present implementation does not include the viscous cross-terms and
maybe be affecting the accuracy of the solution obtained, albeit in a secondary manner.
Figure 15 shows the history of
norm of density for each case. For all flow
conditions, the residuals converge till machine zero with different convergence rate, i.e.,
the lower the Reynolds number, the faster the rate of convergence. Note that
irrespective of the Reynolds number, rapid convergence was observed initially, which
corresponds to the damping of the higher frequencies in the solution. A smooth but
slower convergence trend sets in after a residual reduction of 2–4 orders. Low
frequency errors are typically slow to damp using the basic line-implicit algorithm and
improved convergence trends can be expected with multigrid acceleration techniques.

Figure 16 shows the variation of the drag coefficient and flow separation point as a
function of Reynolds number obtained through experiments (Roos 1971, Taneda 1956
and Pruppacher 1970) and from the Hamiltonian/Strand solver. Contribution to the drag
force is obtained both from the pressure term and the shear force term. The drag is
mildly over-predicted by the Hamiltonian solver when compared to experimental data.
In the present study, the separation points were obtained using the streamlines as
indicator of flow separation, although there exists more robust techniques such as
using the variation in pressure gradient as a metric. The separation point of the steady
vortical structure behind the sphere is reasonably well predicted by the Hamiltonian
solver when compared to the experimental results. However, for Reynolds number
greater than 150, the separation point is predicted earlier by a few degrees on the
surface of the sphere.

Figure 14: Comparison of streamlines around sphere at Reynolds number of 50, 100,
150, and 200.

Figure15: Convergence history of

norm of density.

(a) Drag coefficient
(b) Separation point
Figure 16: Comparison of drag coefficient and separation point for
various Reynolds number
3.6 Three-Dimensional Flow Over Robin fuselage
Flow solution around the Robin fuselage were computed for a freestream Mach
number of 0.3 at a 0° angle of attack and the results were compared with the results
obtained from structured solver TURNS-3D, as shown in Fig. 17. The surface mesh
consisted of 6,288 triangles, resulting in 25,152 quadrilaterals after subdivision. In
creating strand gird from the surface of Robin fuselage, the advancing front-like
technique was used to prevent from intersection of strand grid each other over the
concave surface region. 50 strands were used with an initial wall spacing of 0.1% of the
length of the fuselage, resulting in a total of 1,232,448 cells in the volume domain. In
structured solver case, same initial wall spacing and similar total number of cells were
used with Hamiltonian/Strand solver. For inviscid flux calculation, third order MUSCL

reconstruction scheme was used and the DDLGS implicit method was used for time
marching.
Figure 17(a) shows the Mach number contour on surface and longitudinal slice for
both inviscid flow and laminar flow at Reynolds number of 5,000. In the inviscid flow
contour, flow acceleration and deceleration were captured at the ramp region correctly
as well as stagnation point at both node and tail of fuselage. Flow separation and
recirculation zone were observed past the ramp region of the fuselage for laminar flow
case, and is highlighted in the figure using streamlines. Figure 17(b) shows the surface
pressure coefficient distribution on the longitudinal plane obtained from a threedimensional source panel method, the unstructured Hamiltonian solver and the
structured TURNS-3D solver for both inviscid and laminar flow conditions. For both
inviscid and laminar flow conditions, it can be shown that the pressure distribution
shows good agreement with results from TURNS-3D and the Hamiltonian/Strand
method. Figure 17(c) shows the convergence history of L 2 norm of density between
Hamiltonian method and TURNS-3D. Note that the residual convergence rate using the
Hamiltonian method was observed to be faster than TURNS-3D for both the inviscid
and laminar flow conditions.

Figure 17: Flow solution over the Robin fuselage at Mach number 0.3
3.7 Two-Dimensional Isenstopic Vortex Convection
The two-dimensional isentropic vortex convection was employed as a test case to
validate the unsteady flow calculations. For time accurate solutions, a second order
backwards ADI line implicit method was used along with dual time-stepping.
Quadrilateral cells were made from 5,460 equilateral triangles and both the Laplacian
and blended smoothing techniques were investigated (see Fig. 3). In the present study,

the solution domain was [0,10]×[0,10] with freestream flow as
. A vortex is introduced in the flow, initially centered at (

)

(

). Periodic

boundary condition was enforced at all the boundary faces. The third-order MUSCL
reconstruction and the fifth-order WENO5 schemes were tested.
Figure 18 shows the density contours after convecting one cycle. The results using
blended smooth grid show a better preserved vortex shape and strength when
compared to the results using Laplacian smooth grid after one cycle convection. This
difference is a result of the increased dissipation of the Laplacian mesh when
compared to the blended mesh. Furthermore, lower numerical dissipation in the
WENO5 scheme results in maintaining the structure of the vortex core, as compared to
the MUSCL scheme.

(a) Density contour (From left to right figures: Initial, MUSCL(Laplacian
smoothing), MUSCL(Blending smoothing), WENO5 (Blending smoothing)

(d) Cross-sectional density
Figure 18. Density contour and vortex core density after traveling one cycle
4. FUTURE WORK
As part of ongoing studies, this unstructured grid generation and solver using
Hamiltonian path and strand grid is being developed as a near body flow solver of the

unstructured/Cartesian dual-mesh CFD code. Currently an overset mesh technique is
being explored to connect the near-body Hamiltonian/strand grid system with an offbody Cartesian grid. To identify the connectivity information across the two domains, a
high-order overset mesh framework called TIOGA (Topology Independent Overset Grid
Assembler) was utilized (Brazell 2015).
5. CONCLUSIONS
A Hamiltonian/Strand methodology was implemented, which allows for high-order
reconstruction methods and line-implicit on purely unstructured grids. High-order
schemes such as MUSCL, WENO and CRWENO were successfully demonstrated for
two and three-dimensional cases. The line implicit methods, such as ADI, DDADI and
DDLGS were used along the Hamiltonian loops and the strand grids resulting in strong
convergence trends. For laminar flow, various cases ranging from flow over a twodimensional flat plate to three-dimensional Robin fuselage were considered and good
agreement in flow properties were obtained with reference results. Two-dimensional
turbulent flow cases using Hamiltonian path algorithm were performed using BaldwinLomax Algebraic turbulence model and Spalart–Allmars one-equation turbulence
model over a flat plate and airfoil. Good correlation in the velocity and skin friction
profiles were observed against analytical solutions and results from other structured
solvers. The convection of an isentropic vortex was simulated using dual time stepping
for the time accurate solution. Blended smooth technique and higher order
reconstruction scheme are preferred to better preserve the vortex shape and strength.
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