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     The total Gibbs free energy of mixing to form either a dot or a pit is E = ES + ER, 
where ES and ER are the change in surface Gibbs free energy of mixing and the 
reduction of the strain energy by elastic relaxation, respectively. Minimizing the total 
Gibbs free energy of mixing (Tersoff 1993) with respect to shape for fixed volume gives 
s = t = h×cotθ, where s, t, h and θ are the length, width, height (depth) and contact 
angle, as in Fig.1, the energy is equal to  
 

 TanVc6TanV4E 3132 ,                                             (1) 

 

where  CotCsc se . For the crystals with a cubic symmetry 
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     In order to obtain analytical expression for the strain (deformation) dependence of 
wetting layer thickness in the case of the GaInAlN quasiternary system, we performed 
mathematical approximation of experimental data. Approximation curves are presented 

in Fig. 2. We used in our calculations the following expressions for wetd  in monolayers 

(ML): (i) if the deformation strain is positive, then 3 2

wet 0.05d    at 0.03   (Biehl 

2005) and 31.03424.181wetd e   at 0 0.03    (accuracy of approximation 2 0.9635R  ), 

(ii) if the deformation strain is negative, then 
3 2

0.15wetd


   at 0.035   (Biehl 

2005) and 23.03
45.162wetd e

 
  at 0 0.035    (accuracy of approximation 2 0.9934R  ).  

     Dependence of the GaInAlN strain-induced dots and pits total energy versus 

volume, calculated at 25

e cmJ1015.10  , 34 cmJ1034.30  , 
33

11 cmJ103.272C  , 33

44 cmJ103.130C  , 361.0  and )45(785.0 o , is 

presented in Fig. 3(a) at different strains.  



     To attain a stable geometry, the island must first overcome the energy barrier E* 
which occurs at volume V*. Finding the maximum of Eq. (2), dependences of the critical 
energy and critical volume versus strain are presented in Figs. 3(b) and 3(c), 
respectively. From those figures is quite visible that both E* and V* strongly depend on 
the strain and dramatically decrease at the increasing of the strain, and at the critical 
strain of ε* = 0.039 the sign of energy and volume is changed. We assume that at ε = ε* 
the mechanism of the nucleation is changed from the growth of dots to the nucleation 
of pits.  
 

 
 
Fig. 2 Strain-dependence of the wetting layer thickness: (1) 31.03424.181wetd e   ML, 0;   

(2) 3 20.05wetd   ML, 0;   (3) 23.03
45.162wetd e

 
  ML, 0;   (4) 3 2

0.15wetd


   ML, 0.   

 

 
 

Fig. 3 (a) – dependence of the GaInAlN strain-induced islands (dots and pits) energy 
versus nanostructure’s volume at different strain (1 – ε1=0.02, 2 – ε2=0.025, 3 – 

ε3=0.03). Critical energy – (b) and critical volume – (c) versus strain  
 
 
     Clearly, at small misfit (ε < ε*), the bulk nucleation mechanism dominates. However, 
at ε > ε*, when the energy barrier becomes negative as well as a larger misfit provides 
a low-barrier path for the formation of dislocations, the nucleation of pits becomes 
energetically preferable.  
 



3. THE GIBBS FREE ENERGY OF MIXING OF THE GaInAlN MATERIAL SYSTEM  
 

Next, we calculated the Gibbs free energy of mixing of the Ga1-x-yInxAlyN 
quasiternary systems using the following relationship:  
 

STH)y,x(G                                                      (3) 

 
where T is the absolute temperature and H  and S  are, respectively, the enthalpy 

and entropy of mixing which are determined by the following expressions (Ihsiu 1996, 
Emeljanova 2009, Deibuk 2006, Vigdorovich 2000): 
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Here  is the parameter of pseudobinary interaction, and R the universal gas constant 

(Ihsiu 1996, Vigdorovich 2000). The interaction parameter   is the characteristic index 
of immiscibility tension. According to the model of “delta-lattice parameter” (DLP), the 
interaction parameter is represented in the form 
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where 
Aa  and 

Ba  are the lattice constants of A and B components and k is a 

constant. For compounds with cubic symmetry and at relatively small mismatch of 

lattice parameters, the factor k is taken to be equal to 71015.1   cal/(mole×Å 2.5), 

(Vigdorovich 2000, Wakahara 1997, Stringfellow 1999). Therefore, we used this value 
of k for the GaInAlN system only at relatively small mismatches.  
     Concentration dependences of the Gibbs free energy of mixing per mole for the 
GaInN, GaAlN and InAlN ternary systems at different temperatures in the range 800–
2000 K are shown in Fig. 4. For the construction of these plots, Eq. (3) was used with 

H  and S  from Eq. (4).  
It is seen from Fig. 4 that as distinct from AlN-GaN, in the InN-GaN and AlN-InN 

systems a region of immiscibility appears which is caused by an increase in Gibbs free 
energy of mixing at the increase in indium and aluminum concentration in the solid 
solution. In systems with large difference in lattice constants, high positive enthalpy of 
mixing can overcome the negative entropy of mixing at temperatures below critical 
leading to an increase in Gibbs free energy of mixing. This means that in equilibrium 
disordered solid solutions with compositions between the binodal points, shown in Fig. 
5, will decay into two separate solid phases (Stringfellow 1999).  
 



 

 
 

Fig. 4 Concentration dependence of the Gibbs free energy of mixing for one mole of 
ternary compounds GaInN (a), InAlN (b), and GaAlN (c) at temperatures (T1) 800 K, 

(T2) 1000 K, (T3) 1200 K, (T4) 1400 K, (T5) 1600 K and (T6) 2000 K 
 

 

 
 

Fig. 5 Binodal points (magnified near the minima) of the molar Gibbs free energy of 
mixing for the systems GaInN – (a, b) (T=1200 K) and InAlN – (c, d) (T=1000 K)  



 

 
 

Fig. 6 3D patterns of the molar Gibbs free energy of mixing of the GaInAlN quasiternary 
system at (a)-800 K, (b)-1000 K, (c)-1200 K, (d)-1400 K, (e)-1600 K and (f)-2000 K 

 

 
 

Fig. 7 Iso-energetic sections of the molar Gibbs free energy of mixing of the GaInAlN 
system at (a)-800 K, (b)-1000 K, (c)-1200 K, (d)-1400 K, (e)-1600 K and (f)-2000 K  



     Schematic 3D patterns of molar Gibbs free energy of mixing depending on 
composition of the GaInAlN quasiternary system at 800-2000 K and corresponding 
isoenergic sections are presented in Figs. 6 and 7, respectively. Actually, our 
calculations show (Fig. 4 and Fig. 5) that there is no immiscibility gap in GaN-AlN 
material system. In spite of that system, for the GaN–InN, an incorporation of 
components is energetically favorable only up to around 1mol.%, after that the 
immiscibility occurs. For the InN–AlN material system the situation is more dramatically. 
Here, mutual incorporation of components is energetically favorable only up to impurity 
levels (Fig. 5(c. d)). However, evidently the immiscibility gaps for both GaN–InN and 
InN–AlN solid solutions decrease at temperature increasing.  
 
 
4. CONCLUSIONS  
 

Thus, the continuum elasticity model was applied to quantitatively investigate the 
growth features and nucleation mechanism of QDs, nanopits, and cooperative QDs–
nanopits structures in GaInAlN quasiternary systems. It was shown, that nanostructures 
formation critical energy (E*) and critical volume (V*) strongly depend on the strain and 
dramatically decrease at the increasing of the strain. Calculations revealed that for 
GaInAlN material system at the critical strain of ε* = 0.039 the sign of critical energy 
and volume is changed. We assume that at ε = ε* the mechanism of the nucleation is 
changed from the growth of quantum dots to the nucleation of nanopits. Obviously, at 
small misfit (ε < ε*), the bulk nucleation mechanism dominates. However, at ε > ε*, 
when the energy barrier becomes negative as well as a larger misfit provides a low-
barrier path for the formation of dislocations, the nucleation of pits becomes 
energetically preferable. The Gibbs free energy of mixing for the GaAsSbP 
quasiternary system has been calculated and studied. It was demonstrated that there is 
no immiscibility gap in GaN-AlN material system. For the GaN–InN, an incorporation of 
components is energetically favorable only up to around 1mol.%, after that the 
immiscibility occurs. For the InN–AlN material system, the mutual incorporation of 
components is energetically favorable only up to impurity levels. Our results show that 
immiscibility gaps for both GaN–InN and InN–AlN solid solutions decrease at 
temperature increasing. Presented results are very important from technological point 
of view and can be used not only at nanoengineering in GaInAlN material system, but 
also at the growth of bulk crystals and epitaxial thin films.  
 
 
REFERENCES  
 
Tersoff, J and Le Goues, F.K. (1994), “Competing relaxation mechanisms in strained   

layers”, Phys. Rev. Lett., 72, 3570. 
Gambaryan,  K.M., Aroutiounian, V.M.  and Harutyunyan, V.G. (2011), ”Photovoltaic 

and optoelectronic properties of InAs(100)-based photoconductive cells with 
quantum dots and nanopits”, Infrared Phys. and Technol., 54, 114.  

Gambaryan, K.M. (2010),”Interaction and cooperative nucleation of InAsSbP quantum 
dots and pits on InAs(100) substrate”, Nanoscale Res. Lett., 5, 587.  



Aroutiounian, V.M., Gambaryan, K.M. and Soukiassian, P.G. (2010), “Competing 
nucleation mechanisms and growth of InAsSbP quantum dots and nanopits on the 
InAs(100) surface”, Surf. Sci., 604, 1127.  

Ihsiu, H. and Stringfellow, G.B. (1996), “Solid phase immiscibility in GaInN”, Appl. Phys. 
Lett., 69, 18.  

Nakamura, S., Senoh, M., Iwasa, N. and Nagahama, S. (1995), “Superbright green 
InGaN single quantum-well structure light-emitting diodes”, Jpn. J. Appl. Phys., 34, 
L79.  

Nakamura, S., Senoh, M., Nagahama, S., Iwasa, Yamada, N. T., Matsushita, T., 
Kiyoko, H.and Sugimoto, Y. (1996), “InGaN-Based Multi-Quantum-Well-Structure 
Laser Diodes”, Jpn. J. Appl. Phys., 35, L74.  

Strite, S. and Morkoc, H. (1992), “GaN, AIN, and InN: A review”, J. Vac. Sci. Technol. 
B, 10, 1237.  

Kim, H.W., Kim, H.S., Na, H.G., Yang, J.C., Kim, S.S. and Lee, C. (2010), “Self-
catalytic growth and characterization of composite (GaN, InN) nanowires”, Chemical 
Engineering Journal, 165, 720–727.  

Tersoff, J.and Tromp, R.M. (1993), “Shape Transition in Growth of Strained Islands: 
Spontaneous Formation of Quantum Wires”, Phys. Rev. Letters, 70(18), 2782-2785.  

 Żenkiewicz, M. (2007), “Methods for the calculation of surface Gibbs free energy of 
mixing of solids”, J. Achievements in Materials and Manufacturing Engineering, 
24(1), 137-147.  

Biehl, M., Much, F. and Vey, C. (2005), “Off-lattice Kinetic Monte Carlo simulations of 
strained heteroepitaxial growth”, Int. Series of Numerical Mathematics, 149(41).  

Emeljanova, O.S., Strelchenko, S.S., and Usacheva, M.P. (2009), “Spinodal 
Decomposition of Zno-BeO Alloys”, Semiconductors, 43(2), 135-138. 

Deibuk, V.G. (2003), “Thermodynamic Stability of GaInSb, InAsSb, and GaInP Epitaxial 
Films”, Semiconductors, 37(10), 1151-1155. 

Vigdorovich, E.N. and Sveshnikov, Yu. N. (2000), “Thermodynamic Stability of GaN-
InN-AlN system”, Inorganic Materials, 36(5), 465-467.  

Onabe, K. (1984), “Immiscibility Analysis for III-V Quaternary Solid Solutions”, NEC 
Res. Develop., 72, 1-11. 

Wakahara, A., Tokuda, T., Dang, X.-Z., Noda, S., and Sasaki, A. (1997), 
“Compositional inhomogeneity and immiscibility of a GaInN ternary alloy”, Appl. 
Phys. Lett., 71, 906. 

Stringfellow, G.B. (1999), Organometallic Vapor-Phase Epitaxy: Theory and Practice, 
San Diego: Elsevier.  

 


