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ABSTRACT

Rotary shearing tests have been widely applied to measure friction coefficient for natural materials such as
rocks, gouges and soils. The friction coefficient is determined by the ratio between the shear and normal stresses. The
flow generated in the sample during shearing is not considered. In the present study, we incorporate the coaxial yield
law and formulate the material parameters into the test. Illustrating with the Kaolin clay, the result implies that the
friction coefficient measured by low-speed rotary shearing tests agree with the internal friction of the coaxial model.
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Introduction

High pressure rotary shearing tests have been widely applied to determine material properties for rocks,
gouges and soils, see Yang, et al. (2014), and citations listed in Luca, et al. (2016). These properties include the friction
coefficient, as functions of the applied axial pressure, rotational speed and displacement. In the inferring procedures
for the material properties, it was assumed that the stress on the failure surface in the sample compartment was
uniformly distributed and the friction coefficient was calculated based on the ratio between the applied torque and
axial force, Yang, et al. (2014). The microscopic plastic rheology was not considered in the approach. To understand
the experimental techniques further, we aim to incorporate plastic rheological flow rules and compare the induced
material parameters.
To start, the rheological constitutive laws to consider is the coaxial model. In the model, the torque are linear
functions of the axial loads, material yield strengths and internal friction coefficients, Alexandrov (2015). In
correspondence to the theoretical limitations, the tests were set to undrained slow rotary condition . Five axial loads,
from 1.0 to 3.0 MPa at an interval increase of 0.5 MPa, were applied. Kaolin clay was chosen as the testing material.
The sample compartment was a thin cylinder shape with a diameter of 25 mm and an initial sample height about 2
mm. In the test, granular volumetric dilatancy was found immediately after the torque was applied, and then, the
torque r eached a maximum value. For the five axial loads, the maximum torques were taken for calculation of the
material properties. The results of the parameters of the two rheological rules are tabulated and the comparison
among the three sets of induced parameters is made.

2

Rotary Shearing Tests

The rotary-shearing tests have been increasingly applied to measure the apparent friction coefficient under
an in-situ confined stress condition, for example, in landslide studies Yang, et al. (2014). The experimental apparatus
is shown in Fig. 1. In the tests, the sample powders are sandwiched between a pair of solid-cylindrical rock specimens
(Belfast dolerite, or recently Titanium alloy) as shown in the figure. The sample diameter is 2.5 cm with a thickness

about from 1 to 2 mm. A Teflon sleeve is mounted to hold the sample powder and its water content while shearing is
applied. The contact surfaces of the holding rock cylinders (anvil) are roughened to ensure that the shearing
deformation takes place within the sample.

Figure 1: The high speed rotary shearing apparatus in National Central University, Taiwan. The rotary shear cell and
coordinates are defined in the inset figure on the left column. The samples were sandwiched between two dolerites
as host rocks and tested under room temperature and humidity.

The confinement stress is exerted by applying an axial normal force

F and the normal stress  zz is

calculated by

 zz =
where

F
,
R 2

(1)

R is the radius of the sample. The axial force is adjustable to make  zz between 0 and 10 MPa. After the

normal stress is applied, a displacement-controlled rotary mechanism subsequently applies a constant rotational
angular speed to the sample. The angular speed can be adjusted between 0 and 156 rad/sec (1500 rpm) at
approximately 0.1 rad/sec (1 rpm) resolution. The torque T and angular displacement are r ecorded. During the
tests, the sample is assumed at yield condition such that the shear stress,  z , is uniformly distributed on the yi eld
surface. The torque is therefore

2
T =  z R 3 .
3

(2)

The apparent friction coefficient is then calculated straightforwardly by

=

 z
3T
=
.
 zz 2 RF

(3)

During rotation, the axial displacement is also recorded for evaluation of the sample volume change. In the present
study, the apparatus is used to measure the material properties of Kaolin clay. In addition to the friction coefficient
defined by (3), the material properties associated with the double-shearing and coaxial plastic constitutive laws will be
inferred. The r elations of these parameters with the axial force F and applied torque T are derived in the next
section.
There are two slightly indirect physical quantities defined and often r eferred in the rotary tests, Yang, et al.
(2014), and the r efer ences therein. They are called the shear speed veq (shear displacement rate) and shear
displacement

d eq . The shear speed is defined as the ratio between the total rate of shear work done to the sample

2
W , and the shear force. With the present assumption, we can find veq = R .1 The shear displacement,
3
on the other hand, is defined d eq = veqT , where T is the elapsed time after the rotation being applied. In Sec. 4,

material,

some of the results are expressed in terms of these quantities.

Figure 2: Stress element and coordinate system in the sample compartment. Rotational angular velocity is

 zz and  z ; the major and minor principal stresses are  1 and  3 . The principal
( ,  ) has an angle  with respect to ( , z ) , modified from Alexandrov (2015).

normal and shear stress are
coordinates
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Theory and Coaxial Constitutive

R

1

 , The

veq = W/( z R 2 ) = 2   z r 2 dr/( z R 2 )
0

A schematic diagram of the process is shown in Fig. 2. Introduce a cylindrical coordinate system
whose

z

(r ,  , z )

axis coincides with the axis of symmetry of the sample and a right-handed Cartesian coordinate system

( , ,  ) whose origin translates with a generic particle P . The directions of the axes of the Cartesian coordinate
system coincide with the principal axes of stress at P and, therefor e, rotate with the principal stress axes. It is
possible to assume with no loss of generality that the process is symmetric relative to the plane z = 0 . Therefor e, it
is sufficient to consider the domain 0  z  H . Symmetry in the circumferential direction dictates that all quantities
are a function of the radial and axial directions only. The unit base vectors of the cylindrical coordinate sy stem are e r ,
e and e z . It is assumed that
(4)
 rr =  2
where  rr is the radial stress and  2 is principal stress directed along the   axis. The other non-zero
components of the stress tensor in the cylindrical coordinate system are denoted by   ,  zz and  z , and the
other principal stresses by

1

and

 3 . The assumption (4) should be verified a posterio ri. With no loss of generality,

it is possible to assume that

 z  0.

(5)

z  axis. Suppose that the   axis corresponds to
the principal stress  1 makes the angle  with the vector e . Then,   axis corresponds to the stress  3 ,
Fig. 2. It is evident that the direction of the   axis is opposite to the direction of the r  axis. Ther efore, the
matrix of the direction cosines of the ( , ,  ) axes with respect to the base vectors of the cylindrical coordinate
This demands that the anvil rotates anticlockwise relative to the

system is

 0

 cos
 sin


1
0 

0  sin 
0 cos 

(6)

Then,

1
1
2
2
1
1
 zz = ( 1   3 )  ( 1   3 ) cos 2 ,
2
2
1
 z = ( 1   3 ) sin 2 .
2

  = ( 1   3 )  ( 1   3 ) cos 2 ,

(7)

The velocity field in the cylindrical coordinates is assumed to be

ur = 0, u = 
where



rz
, uz = 0
H

is the angular velocity of the anvil Fig. 2. It follows from (8) that

d rr = 0, d = 0, d zz = 0, d zr = 0, d r = 0, dz =
Here d rr ,

(8)

r
2H

,

d , d zz , d zr , d r , and dz are the components of the strain rate tensor in the cylindrical

coordinate system.
The constitutive equations of the coaxial model are the Drucker -Prager yield criterion and the J 2 flow rule.

The yield criterion is

J1  J 2 =  0

(9)

where J 1 is the linear invariant of the stress tensor, J 2 is the quadratic invariant of the stress tensor, and

0



and

are material constants. The invariants of the stress tensor are defined by

J1 =
where

where

 ij

 ij ij
3

, and

J2 =

3
 ij  J1 ij  ij  J1 ij 
2

 ij is Kroneker’s symbol. The J 2
dij =   ij  J1 ij 

are the components of the stress tensor and

flow rule is
(10)

d ij are the components of the strain rate tensor. Substituting (??) into (10) shows that the only non -zero

component of the deviatoric stress tensor is

 z . Then, the yield criterion (9) reduces to
J1  3 z =  0

This yield criterion and the equilibrium equations are satisfied by assuming that

 rr =   =  zz = J1 =
and that

 z

 0  3 z


(11)

is constant. Substituting (11) into the force

F = R 2 zz ,
gives

F = R 2
Since

 z



3 z   0



(12)

is constant, the torque is determined as
R

T = 2 z  r 2 dr =
0

Eliminating

.

 z

2R 3 z
.
3

between this equation and (12) leads to the following relation between

T=

2
3 3

(R 3 0  RF ).

F and T
(13)

Figure 3: Typical shear stress

 z

and axial displacement versus shear displacement

d eq . Axial stress (a) 3 MPa, (b)

1.5 MPa. The lower value of the axial displacement indicates thickening of the sample height, i.e. volume dilation.

4

Results

Dry Kaolin Clay was used in the rotary shearing tests. The normal pressure was set between 1 and 3 MPa at a
0.5 MPa interval. To prevent the sample material forming a thin shear band type of failure, we applied a small rotary
speed, veq = 0.001 m/sec (0.12 rad/sec), which is well below the threshold, 0.01 m/sec, for alternation of the
frictional characteristics, p. 245, Luca, et al., (2016). Figure 3 show typical torques and axial deformations for axial
stresses 3.0 and 1.5 MPa. The horizontal axis is the shear displacement (

d eq ). Note that the defor mation is measured

by recording the z  position of the bottom holding cylinder such that smaller value represents volume dilation in
the sample.
The data indicate a similar behavior: The torque increases linearly after initiation and transits to a plateau
maximum value. Then it gradually decreases to a constant residue value. Accompanying the torque increase regime is
the volume dilation of the sample. It is thought that the phenomenon is associated with the granular shearing
dilatancy. The increase of the torque is to overcome the interlock mechanism among the clay particles. The
subsequent decrease in the torque and sample volume may involve particle fracturing and void filling.

Figure 4: Maximum shear stress

 z

versus normal stress

 zz .

Taking the average values of the plateau maximum, we obtain the peak torque for each axial stress. The peak
torques are linearly proportional to the axial stresses, as shown in Fig. 4. Using (3), the apparent friction coefficients
versus the shear speed (shear displacement rate) is calculated. For the five normal stresses, the results are tabulated
in Table 1. The parameters of the coaxial constitutive, (13), are then  0 = 39 kPa and  = 1.37 . In both models,
cohesion,

c

and

 0 , is small. Assuming an angle  

satisfying

tan   = 1/ , we have   = 36.2 . The value

agrees well with the friction angle calculated using (3) and corresponds to the internal friction angle of Kaolin clay,
Prashant (2004).
Table
Sample

5

Normal stress

LHVR0427

(MPa)
1.0

LHVR0444

1.5

LHVR0448

2.0

LHVR0445

2.5

LHVR0447

3.0

1: Test condition, friction coefficient and angle
Shear speed
(m/sec)

10 3
10 3
10 3
10 3
10 3

Shear stress

Friction coefficient

friction angle


( )

(MPa)
0.86

0.86

40.7

1.25

0.82

39.4

1.51

0.76

37.2

1.93

0.77

37.6

2.33

0.78

40.0

Conclusion

Low-speed rotary shearing tests were performed with Kaolin clay. In the tests, the clay is assumed to deform
uniformly in the sample and the coaxial yield law was applied to model the flow field. The resultant equation relates
the applied axial load, reaction torque, the internal friction and yield stress. It is validated that the friction coefficien t
(angle) calculated by the ratio between the shear and normal stresses are c lose to the internal friction coefficient
(angle).
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