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ABSTRACT
In this study, the FFT-aided and almost accurate simulation algorithm for the
nonstationary process is developed with the help of the proper orthogonal
decomposition (POD) which is used to factorize the decomposed evolutionary spectra.
Compared with the available methods, the spectral matrix decomposition, use of POD
and execution of FFT can be reduced significantly in the algorithm. Numerical example
about typhoon winds is employed to evaluate the accuracy and efficiency of the
proposed method. Results show that the method has the good performance in terms of
the efficiency and accuracy.
1. INTRODUCTION
The Monte Carlo simulation (MCS) of the nonstationary process is an important
task in the structural response analysis when it comes to the nonlinearity, system
stochasticity, parametric excitations and other certain stochastic problems (e.g.,
Deodatis 1996). Furthermore, MCS is the benchmark in order to evaluate the accuracy
of other stochastic methods.
With evolutionary power spectral density function (EPSD) proposed by Priestley
(1965) available, the spectral representation method (SRM) (e.g., Deodatis 1996) is the
most popular tool to generate samples for the nonstationary excitation in engineering
practice due to its accuracy and being easy to application. SRM-based simulations of
the nonstationary Gaussian processes were well-developed in literatures (e.g.,
Deodatis 1996).
However, because EPSD is time-dependent, the simulation of nonstationary
processes suffers from lower efficiency if the cumbersome summation of the
trigonometric items is directly used (e.g., Deodatis 1996). In order to take advantage of
fast Fourier transform (FFT), which was introduced by Yang (1972) in the simulation of
stationary processes, a few attempts have been conducted to expedite the simulation
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efficiency for nonstationary processes. Li and Kareem (1991) established FFT-aided
SRM where polynomials including trigonometric and Legendre polynomial functions
were used to fit the decomposed EPSD matrix. Huang (2014) developed a hybrid FFTaided SRM where wavelets were used to decouple the time-dependent EPSD matrix.
Huang (2015) adopted the proper orthogonal decomposition (POD) to factorize the
decomposed EPSD matrix and utilized FFT to enhance the simulation speed. This
POD-based factorization is data-driven, optimal and easy for the engineering
application. Peng et al. (2017) proposed a new hybrid approach of stochastic wave and
POD to generate multivariate nonstationary processes along a straight line, where the
two dimensional FFT could significantly increase the simulation efficiency. Apart from
the application of FFT, the efficiency of EPSD matrix decomposition is also related to
the simulation speed. Traditionally, the time-dependent EPSD matrix should be
decomposed on both of time and frequency domains. Gao et al. (2012) and Huang et al.
(2013) showed that the decomposition could be only conducted on the coherence
matrix. Because coherence matrix is time-independent, the decomposition efficiency
will be noticeably improved. Further, Huang et al. (2013) separated the phase
component of the coherence function to increase the decomposition efficiency.
Although the great progress has been achieved, the need for improving the efficiency
and applicability still exists, especially for many simulation points associated with
modern colossal structures.
In this paper, an efficient and almost accurate simulation method is developed for
the multivariate nonstationary process, where the POD-based factorization is adopted
to enable the application of FFT. Firstly, the classic SRM is reviewed. Secondly, the
FFT-based fast algorithm is proposed. Furthermore, an example about typhoon winds
is employed to evaluate the accuracy and efficiency of the proposed method. Finally,
concluding remarks are given.
2. PROPOSED ALGORITHM
Consider an n-component multivariate zero-mean nonstationary process
x(t )  [ x1 (t ), x2 (t ), , xn (t )]T , where T denotes transpose. Suppose this process has
following EPSD matrix
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where  is the circular frequency; S jj ( , t ) is the auto spectra of x j (t ) and

S jj ( , t )=S jj (- , t ) ; S jk ( , t ) is the cross spectra between x j (t ) and xk (t ) , and
S jk ( , t )=S *jk (- , t ) and S jk ( , t )=S kj* ( , t ) (Asterisk denotes the complex conjugate).

Thus, S ( , t ) is a Hermitian matrix with nonnegative definite property. The off-diagonal
element of the EPSD matrix can be calculated by

S jk ( , t ) 

S jj ( , t ) S kk ( , t ) jk ( )

(2)

where  jk ( ) is the coherence function between x j (t ) and xk (t ) . The corresponding
coherence matrix Γ( ) is given by
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and the associated cross correlation function can be represented as (Deodatis 1996)
R jk (t , t   )  
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(4)

Through Cholesky decomposition, the EPSD matrix can be decomposed into the
following product at every time instant

S(, t )  H(, t )HT * (, t )

(5)

where H( , t ) is a lower triangular matrix expressed as
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The diagonal elements are real and nonnegative with H jj ( , t )=H jj (- , t ) . The offdiagonal elements are generally complex with H jk ( , t )=H *jk (- , t ) . Also the elements of
H( , t ) can be written in polar form and given as
H jk ( , t )  H jk ( , t ) e

i jk (  , t )

(7)

where  is the module;  jk ( , t ) is the complex phase of H jk ( , t ) .
Then, the component process x j (t ) can be simulated by (Deodatis 1996)
j

N

x j (t )  2 H jk (l , t )  cos l t   jk (l , t )  kl 
k 1 l 1

(8)

where  =u / N is frequency resolution; u is cutoff frequency; N is the number
of discretized frequencies; l =l  ; and kl are independent random phase angles
following a uniform distribution on [0, 2 ] . Obviously, the efficiency of the simulation is
low.
As addressed in the introduction, several efforts have been made to expedite the
simulation for nonstationary processes via FFT. Among these approaches, Huang’s
method (Huang 2015) has the best performance in terms of the accuracy, easy
implementation and less matching items. Nevertheless, this approach requires that the
auto EPSDs associated with different component processes have similar shapes, which
may not be satisfied for the general multivariate nonstationary process. Hereafter, a
universal simulation method, which possesses higher efficiency, is proposed.
Firstly, Eq. (1) can be rewritten as

S( , t )  D( , t )Γ( )DT ( , t )

(9)

where
D ( , t )=diag[ S11 ( , t ) , S 22 ( , t ) ,  , S nn ( , t ) ]

(10)

The coherence matrix Γ( ) is also a Hermitian matrix with nonnegative definite
property and can be decomposed as

Γ( )=B( )BT * ( )

(11)

where B( ) is a lower triangular matrix and expressed as
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Based on Eqs. (5), (9) and (11), one has

H( , t )  D( , t )B( )

(13)

It can be found that the decomposition of the matrix is only required on the frequency
instead of both time and frequency. Accordingly, the following relationship exists among
the elements of the matrices H( , t ) , D( , t ) and B( ) , i.e.,
H jk ( , t )= S jj ( , t )  jk ( ), j  1, 2,  , n; j  k

(14)

Specially, when the complex phases  jk ( ) of cross EPSDs S jk ( , t ) admit the
requirement that  jk ( )   jl ( )  kl ( ) , the decomposition of complex matrix in Eq.
(11) can be replaced by the lagged coherence matrix to achieve faster decomposition
(Huang et al. 2013).
Secondly, S jj ( , t ) in Eq. (14) can be factorized approximately based on POD
(Huang 2015) and given as
N qjj

S jj ( , t )   aqjj (t ) qjj ( )

(15)

q 1

Clearly, only diagonal elements of D( , t ) require the application of POD instead of all
elements of H( , t ) .
Thirdly, substituting Eqs. (14) and (15) to Eq. (8), the simulation formula can be
derived and given by
N
 j Nq

x j (t )  Re  2 aqjj (t )  qjj (l )  jk (l )  e  i (l t kl ) 
l 1
 k 1 q 1

jj

(16)

Obviously, Eq. (16) is available for FFT. Further, the items independent of index k can
be moved out of the summation associated with index k and Eq. (16) can be rewritten
as
Nq
j
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Hence, the execution number of FFT is equal to N qjj , which is less than that used in Eq.
(16), jN qjj .
In summary, the operations of Cholesky decomposition, POD and FFT for
n

simulation associated with Eq. (17) are N , n and N s  N qjj , respectively for
j 1

simulating N s samples. On the other hand, those related to Huang’s method are N p N ,
n

n and N s

 jN
j 1

jj
q

, respectively, where N p is the number of discretized time. In

addition, n(n  1) / 2 operations of the linear simultaneous equation are required.
Clearly, the calculation in the simulation of the nonstationary process can be reduced
significantly.

3. NUMERICAL EXAMPLES
In order to verify the accuracy and efficiency of the proposed approach, the
typhoon wind field along a long-span bridge deck will be discussed.
Consider the wind field along a long-span suspension bridge deck with the main
span of 2000 m and two side spans of 1000 m each. For simplicity, only the longitudinal
component of the wind velocity normal to the bridge axis is addressed. The distance
between two adjacent simulation points for the side span and main span are supposed
to be 10 m and 20 m, respectively. Thus, a wind field with 301 points will be simulated,
as shown in Fig. 1.
The wind field is constructed from a measured typhoon record. The typhoon record
(sampling frequency of 4 Hz) was obtained by the field measurement system installed
near Stonecutters Bridge of Hong Kong during the typhoon Dujuan on August 29, 2003.
More details can be found in Chen et al. (2007).
Same to the previous example, the record is decomposed as time-varying mean
and fluctuation components by Daubechies wavelet of Db 10 and window of 1024 s.
Under the criterion that the time-varying mean wind speed is roughly larger than 10 m/s,
the one-hour typhoon data with relatively higher nonstationarity is studied hereafter. Fig.
2 shows the time-varying mean and fluctuation of the selected 1-hour sample.
The EPSD is estimated from the wind fluctuation using the Priestley’s method
(Priestley 1965). The estimated EPSD is regarded as the target spectra at the
simulation points in the main span. The target at the simulation points in side spans is
assumed to be estimated EPSD modulated by 0.8. They are shown in Fig. 3.
The coherence function can be considered time-invariant for the typhoon (e.g., Hu
et al. 2013). For simplicity, Davenport’s exponential function model is adopted which
can be expressed as


 

 2 U 0 

 ( ,  )  exp  

(18)

where   7 is decay factor;  is the distance between two different points on the
bridge deck; U0  40 m/s is the mean wind velocity on the deck.
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Fig. 1 Simulation points distributed on bridge deck
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Fig. 5 Comparison of estimated correlation functions (10,000 samples)
For simulation, the cutoff frequency is selected as 0.5 Hz and the frequency
increment is 0.000244 Hz. The generated time history samples have a time resolution
of 1 s and duration of 4096 s. When 99% of energy is ensured, the corresponding
number of approximation items is determined as N qjj  4 . The simulated time histories
at points 96 and 106 on the deck are shown in Fig. 4. 10,000 samples are used to
calculate the ensemble correlation function at three time differences of   0, 4 and 8 s.
The estimated auto/cross-correlation functions and corresponding targets are shown in
Fig. 5. It is seen that the estimated correlation functions and the targets agree with
each other very well.
As mentioned previously, the proposed method could reduce dramatically the
calculation of Cholesky decomposition, POD and FFT. For further verification, the
computational time is compared between the proposed method and Huang’s method,
as shown in Table 1. The computational time of POD in Huang’s method includes the
time of solving the linear simultaneous equation. The time ratio is defined as the ratio of
the computational time by Huang’s method to that by the proposed method. Note that

all auto EPSDs are applied with POD individually without loss of generality. It can be
found that the total simulation efficiency is improved by 645 times. Especially, only two
different auto EPSDs considered for the application of POD, the total efficiency can be
promoted to 3600 times.
Table 1 Comparison of computing time of the two algorithms (unit: s)
Proposed
Components
Huang’s method
Time ratio
method
Cholesky
326
1173600
3600
decomposition
POD
1592
67364
42
FFT
7
57
8
Total of above
1925
1241021
645
Furthermore, the total time ratios with 50, 175 and 301 simulation points are
obtained as 117, 388 and 645, respectively. It can be found that the time ratio
increases with the increase of the number of simulation points.

4. CONCLUSIONS
In this study, a FFT-aided and almost accurate simulation algorithm for the
nonstationary process was developed based on POD. Then, a numerical example
about the typhoon wind field along a long-span bridge deck was employed to evaluate
the performance of the proposed method. Some conclusions can be given as follows:
1, Compared with the approach by Huang (2015), the proposed method for the
nonstationary process eliminates the limitation that auto EPSDs have to be similar. In
addition, the proposed approach avoids solving the linear simultaneous equation.
Furthermore, the number of approximation items can be determined independently for
each POD, depending on the fitting requirement.
2, The simulation efficiency is improved in three aspects: the decomposition of the
matrix is only required on the frequency instead of both time and frequency, only
diagonal elements of D( , t ) require the application of POD instead of the elements of
H( , t ) and the number of executing FFT can be decreased.
3, Numerical results indicate that the method works fairly well in terms of the
efficiency and accuracy.
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